INFINITE BUBBLING IN NON-KAHLERIAN GEOMETRY 
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Abstract. In a holomorphic family (Xi,)f,gs of non-Kahlcrian compact manifolds, 
the holomorphic curves representing a fixed 2-homology class do not form a proper 
family in general. The deep source of this fundamental difficulty in non-Kahler 
geometry is the explosion of the area phenomenon: the area of a curve Cf, C Xi, in 
a fixed 2-homology class can diverge as b — > bo- This phenomenon occurs frequently 
in the deformation theory of class VII surfaces. For instance it is well known that 
any minimal GSS surface Xq is a degeneration of a 1-parameter family of simply 
blown up primary Hopf surfaces (^z)zei3\{o}i oi^s obtains non-proper families 
of exceptional divisors Ez C X^ whose area diverge as 2: — > 0. Our main goal is to 
study in detail this non-properness phenomenon in the case of class VII surfaces. 
We will prove that, under certain technical assumptions, a lift of Ez in the 
universal cover Xz does converge to an effective divisor Eq in Xq, but this limit 
divisor is not compact. We prove that this limit divisor is always bounded towards 
the pseudo-convex end of Xq and that, when Xq is a a minimal surface with global 
spherical shell, it is given by an infinite series of compact rational curves, whose 
coefficients can be computed explicitly. This phenomenon — degeneration of a 
family of compact curves to an infinite union of compact curves — should be called 
infinite bubbling. 

We believe that such a decomposition result holds for any family of class VII 
surfaces whose generic fiber is a blown up primary Hopf surface. This statement 
would have important consequences for the classification of class VII surfaces. 
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1. Introduction: What happens with the exceptional curves in a 
deformation of class vii surfaces? 

1.1. Properness properties in Kahlerian and symplectic geometry. Wc will 
use the following notation: for complex manifold X and a class c G H2d{X,'L) we 
denote by B'^{X) the Barlet space [1] of d-cycles in X representing the class c. 

Let p : <Y — >■ _B be a family of compact rt-dimensional complex manifolds parameter- 
ized by a complex manifold B. In other words, p is a proper holomorphic submersion 
with connected fibers. We denote by H^, the locally constant sheaves (coefficient 
systems) on B which are associated with the presheaves B D U t—^ Hmip~^{U), Z), re- 
spectively B dU ^ H"^{p-'^{U),Z). Note that the sheaf fl;™ coincides with the m-th 
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direct image -R™p*(Z) of the constant sheaf Z on X. We fix e = {eb)bGB € H^{B,H_2d)^ 
and wc denote by B%{X) the relative Barlet cycle space associated with e. This space 
is a closed subspace of the cycle space B{X) and, as a set, it coincides with the union 
VJiyesB^'' {Xh) ■ The obvious map 

is holomorphic and its (reduced) fibers are precisely the spaces B'''' {Xb)- A fundamental 
consequence of Bishop compactness theorem states that in the Kahlerian framework 
the projection B'^ip) : B%{X) — > _B is also proper. More precisely: 

Proposition 1.1. Let H he a Hermitian metric on X such that the restrictions to the 
fibers of the corresponding Kdhler form Qh & A^'^{X,R) are all closed^. Then the map 
B''{p) : B%{X) B is proper. 

Proof. The total space of the locally constant sheaf HJ''' R = i?^'^p*(M) is a real 
vector bundle on B, and the assignment h ^ [f^ffU,,] defines a smooth section x of 
this bundle. For a cycle C G -B*^' {Xb) one has 

vo1h(C)= / n% = {x{h),eb) . 
Jc 

Therefore the volume map vo\h ■ Bq{X) M>o can be written as B^{p)* {x,e), so 
it is bounded on B'^(p)^^{K) for every compact set K C D. It suffices to apply the 
relative-compactness criterion given by Theorem 1 of [1]. □ 

This properness result can be intuitively interpreted as follows: 

The cycles in a fixed, hom,ology class of a com,pact com,plex manifold Xb cannot dis- 
appear as Xb tends to a limit compact Kdhler manifold Xft^ . 

The properness property has a particular signification in the case n = 2, = 1. Indeed, 
in this case the Barlet space B'^{Xb) is just a moduli space of effective divisors represent- 
ing the class e, and this moduli space can be identified with the moduli space of Seiberg- 
Witten monopoles associated with the e-twisted canonical Spin'^-structure of Xb and a 
suitable perturbation of the monopole equation (see [17], [11], [16]). Therefore, in this 
case, the properness property above is a consequence of the general properness prop- 
erty with respect to the space of parameters - for moduli spaces of Seiberg-Witten 
monopoles, which is crucial for proving that Seiberg-Witten invariants are well-defined. 

A similar properness result - based on a version of Gromov compactness theorem 
- holds in symplectic geometry: let A" — > B be a proper smooth map with connected 
fibers in the differentiable category, suppose that is a smooth 2-form on X whose 
restrictions to the fibers ujb '■— ^\xb ^-^'^ all symplectic forms (in particular closed), and 
consider a smooth family {Jb)beB of almost complex structures on the fibers, such that 
Jb is compatible with ojb for any b G B, and a section e = {eb)beB € H^{B,H_2)- Let 
(feri)neN* be a sequence in B \ {60} converging to 60 and consider, for every n G N, an 
almost holomorphic map 

(fin ■■ (S, j„) {Xb^,JbJ 

representing e H2{Xb^,'L), where j„ is an almost holomorphic structure on a 
differentiable closed surface E. Since the map b i-> [ujb] G H'^{Xb,M.) defines a smooth 



We can always construct such a Hermitian metric in a neighborhood of a fixed fiber Xi,^ if this 
fiber is Kahlerian. It suffices to consider a smooth family of Kahler metrics hf, on (using the 
openness property of the Kahler condition) for b close to 60, and to add the pull-back of a Hermitian 
metric on the base. 
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section in the vector bundle (g) M, we get a bound of the area sequence 

( / 'PnKJj = ((KJ,e6j)„gj^ . 

Therefore (using the terminology and the main result of [12]) there exists a subsequence 
{hnk) of (6n)neN such that that the sequence {^nk)k&i converges in the C™-topology 
to a cusp pseudo-holomorphic curve 

A similar convergence result can be proved for sequences of ciisp curves. In other 
words, in symplectic geometry - as in Kahlerian geometry - pseudo-holomorphic curves 
representing a fixed homology class can degenerate, but they cannot disappear in a limit 
process. An important particular case is the one when j„ = j is independent of n. In 
this case it is known that the domain U;S; of the limit cusp curve is obtained from E 
by adding a union of bubble trees of 2-spheres. In particular, when (E, j) = P^, all the 
irreducible components of the limit ciisp curve will be 2-spheres. 

These properness results and their natural generalizations for perturbed pseudo- 
holomorphic curves, play a crucial role in proving that (different versions of) Gromov- 
Witten invariants are well-defined. 

For deformations of compact non-Kahlerian manifolds the analogue properness re- 
sults do not hold. The properness property fails even in the cases when all cycle spaces 
B'^{Xf)) are compact. This is one of the main difficulties in non-Kahlerian geometry, 
which has dramatic consequences, for instance: in non-Kahlerian geometry one cannot 
use enumerative methods of curves to construct deformation invariants, and this even 
if one considers only moduli spaces of curves which are finite for all manifolds in the 
considered deformation class! In non-Kahlerian geometry holomorphic curves repre- 
senting a given homology class can disappear in a limit process, because the area of the 
curves in a given homology class is not a priori bounded, so it can explode to infinity 
when one approaches a fixed fiber X^g ■ Probably the most convincing examples which 
illustrates this difficulty (and its dramatic consequences) appear in the deformation 
theory of class VII surfaces. 

1.2. Deformations of class VII surfaces. What happens with the exceptional 
curves? Let X be a class VII surface with b2 := b2{X) > admitting a global spherical 
shell (a GSS), see section 4 for details. We will call such a surface a GSS surface. For 
such a surface one has Tri{X, xq) ~ Z, and the universal cover X has two ends, a pseudo- 
convex end and a pseudo-concave end. Taking a non-separating strictly pseudo-convex 
embedded 3-sphere S c X, consider a lift A of X\S in X and note that ^ is a compact 
surface bounded by two lifts of S to X; the pseudo-convex end of X corresponds to 
the pseudo-convex boundary component of A ^. 

For such a surfaces one also has H2 {X, Z) ~ {X, Z) ~ Z^^ , and the intersection 
form on this group is standard, i.e. there exists a basis (eo, . . . , eh^-i) in H2{X, Z) such 
that Ci ■ Cj = —Sij. Changing signs if necessary one can assume that 

62-1 

-ci{X) = ci{K.x) = ^p-i , 

i=0 

and the basis obtained in this way is unique up to order. 

By results of Kato and Dloussky it is well-known that any minimal GSS surface 
Xq is deformable in blown up primary Hopf surfaces. More precisely, there exists a 
holomorphic family X ^ D parametrized by the unit disk D C C having Xq as central 



Note that the terminology used here for the two ends of X is different from the one used in [4], 
but agrees with the terminology used in the theory of complete, non-compact complex manifolds. 
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fiber such that ~ [Hz]p(z) is biholomorphic to primary Hopf surface H{z) blown up 
in a finite set of simple points P{z) = {pq{z), . . . ,pb2-i{z)}. Therefore, for any z =/= 0, 
the fiber has 62 exceptional curves -Eq.z, ■ ■ ■ , -£'62-1,2 representing the classes Ci- On 
the other hand the central fiber Xq is minimal hence, by a result of Nakamura (see 
[10], Lemma 1.1.3] ), it docs not admit any effective divisor at all representing a class 
Cj. This shows that the rational curve i^j^^ has no limit at all as z — >■ 0, even if one 
admits cusp curves (and bubbling trees) in the limit process. 

Note that, for z ^ 0, the exceptional curve Ei ^, is a regular point in the moduli 
space of divisors representing the class Ci on X^, so if one tries to define a Gromov- 
Witten type "invariant" of X^ by counting the rational curves in this homology class, 
the result will be 1. But the same "invariant" will be for Xq- 

Similar phenomena appear for deformations of minimal GSS surfaces. For instance, 
there exists a family X ^ D of minimal GSS surfaces with 62 = 1 whose generic fiber 
Xz {z ^ 0) has only one irreducible curve Cz, which is homologically trivial, whereas 
Xq has only one irreducible curve D, which represents the class — cq. In this family all 
curves are singular rational curves with a simple node. In both cases one can study 
explicitly the evolution of the area of the curves Ei^^-, C'z and see that their area tends 
to infinity as z — >■ 0. 

The conclusion is clear: one cannot hope to define deformation invariants for class 
VII surfaces by counting holomorphic curves in a given homology class. This is one of 
the major difficulties in the classification of class VII surfaces, because the structure of 
curves on these surfaces is related to the fundamental classification problem. Indeed, 

by the main result of [6] one knows that the global spherical conjecture (which, if true, 
would complete the classification of class VII surfaces) reduces to the conjecture: 

C: Any minimal class VII surface X with 62 (^) > has b2{X) rational curves. 

Therefore, proving existence of curves is a fundamental problem in the theory of class 
VII surfaces. Unfortunately the examples above show that one cannot hope to prove 
such existence results using invariants of Gromov-Witten type. Note however that, 
taking into account this difficulty (the lack of Gromov-Witten type invariants), the 
conjecture above becomes quite intriguing. Indeed, this conjecture (which is true for 
all GSS surfaces) implies that the total number of rational curves is an invariant for 
class VII surfaces, although this invariant cannot be obtained as the sum of Gromov- 
Witten type invariants defined for individual homology classes (because, as we have 
just seen, the number of rational curves in an individual class is not an invariant). 
In other words, although the homology classes represented by rational curves change 
in a holomorphic family, the total number of rational curves remains always constant 
in deformations of known class VII surfaces. In particular, when (in a limit process) 
a homology class loses a rational curve, there should be always another class which 
gets one. This "global compensation phenomenon" between different moduli spaces 
of rational curves is not understood yet, so conjecture C is not known yet even for 
surfaces which arc degenerations of the known GSS surfaces. 

Although the caiisc of the "curve vanishing " (non-properness) phenomenon is clear 
- explosion of tlic area in the limit process - one can still wonder when contemplating 
the first family described above: 

"What happens with the exceptional curves Ei^z when z ^ 0?" 

The authors have many times been asked this question when they gave talks on class 
VII surfaces in the past. The easy answer we have always given 

"They just disappear, because their area explodes ", 
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although perfectly correct, has never seemed to fully satisfy the audience. There- 
fore wc decided to investigate in detail this phenomenon trying to understand what 
happens geometrically with the exceptional curve Ei^^ as it gets bigger and bigger. 

We came to the idea of an "infinite bubbling tree" empirically, when the second 
author noticed that recent results of the first author [5] have an intriguing consequence: 
Although for a minimal GSS surface Xq the homology class Cj is not represented by 
an effective divisor (as we saw above), any of its lifts in the universal cover Xq is 
represented - in the homology with closed supports - by an infinite series of compact 
curves. Moreover, in every case we obtained a well defined series representing the given 
lift, and we saw that always this series escapes to infinity towards the pseudo-concave 
end of Xq. Therefore we came to idea to prove that (although Ei^^ accumulates to 
the whole Xq as z by the Remmcrt-Stein theorem) a fixed lift Ei,z of Ei^z in the 
universal covering X^ of Xz behaves in a controllable way as z — > 0, namely that 

Theorem 1.2. The family of rational curves {Ei z)zeD\{o} fiis in a fiat family £i of 
effective divisors over the whole base D. In particular this family has a limit as z — >■ 0, 
which is given by an infinite series of compact curves which escapes to infinity towards 
the pseudo-concave end of Xq. 

The main purpose of this article is to prove this result. More precisely we will prove 
that the limit given by the theorem is precisely the series represcinting we discovered 
empirically. We called this phenomenon "infinite bubbling", and we believe that this 
happens in all deformations of class VII surfaces when area explosion occurs. In fact 
we will prove a more general result: 

Theorem 1.3. Let X ^ A be any holomorphic family of GSS surfaces with 62 > 0, 
parameterized by the standard ball A C C . Then for any lift Cj of a homology class Ci 
to the universal cover X, there exists an effective divisor £i C X flat over A such that 

(1) The fiber Ei^z C Xz of £i over a point z A is a lift of the exceptional curve 
Ei representing Ci, for every z € A for which Xz contains such an exceptional 
curve. 

(2) If Xz does not admit any exceptional effective divisor in the class then the 

corresponding fiber Ei z of £i is a series of com,pact curves which escapes to 
infinity towards the pseudo-concave end of Xz- This divisor represents the 
image of the class e, in the Borel-Moore homology group Hf^(X,Z). 

Finally, we can generalize this result for deformations of an unknown minimal class 
VII surface which can be deformed in GSS surfaces: 

Theorem 1.4. Let X ^ A be a holomorphic family such that X^ is a GSS surface 
with 62 > for any z G A\A, where A c A is an analytic subset of codimension > 2, 

and Xa is minimal for every a € A. Then for any lift Ci of a homology class to the 
universal cover X , there exists an effective divisor £i <Z X flat over A such that the 
fiber Ei^z C Xz of £i over a point z G A has the properties: 

(1) it represents the image of the class Cj in the Borel-Moore homology group 
Hf^{X,Z) for every ze A, 

(2) is a lift of the exceptional curve Ei representing Ci, for every z € A for which 
Xz contains such an exceptional curve. 

Unfortunately we did not succeed to prove that the second statement of Theorem 

1.3 also holds in this case, so we cannot prove that, for a G ^, the limit divisor Ei,a is 
given by a series of compact curves. The difficulty is to rule out the appearance of an 
open Riemann surface in the limit. Such a result would be of crucial importance for the 
classification of class VII surfaces, because it will prove the main conjecture C for any 
class VII surface which fits as the central fiber of a bidimensional family A" — >■ A C 
whose fibers Xz, z 7^ are GSS surfaces. 
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2. The non-minimality divisors 

A compact effective divisor D on a (non-necessary compact) complex surface X 
will be called simply exceptional if there exists a smooth surface Y, a point y G Y, 
and a surjective holomorphic map c : X ^ Y such that c^x\d ■ X \ D ^ Y \ {y} is 
biholomorphic, and the fiber c~^{y) over y is D (regarded as a complex subspace of X). 
If this is the case, the pair {X, D) can be obtained from Y by iterated blowing up at y. 
More precisely {X, D) is the last term (X„, in a sequence (Xi, Di), . . . , (X„, 
(n > 1), where 

• Xi is the blow up of F at y and Di is the corresponding exceptional divisor, 

• Xk is obtained from Xk-i by blowing up at a point yk-i € Dk-i for 2 < k < n, 
and Dfe is the pre- image of Dk-i in X^,. 

Therefore D is the pre-image in X„ of the exceptional curve of first kind Di C Xi, 
and it is a tree of smooth rational curves containing at least one exceptional curve of 
the first kind. 

Remark 2.1. For simply exceptional divisor D <Z X one has 

{D,]Cx)^{D,Md/x)^-1 ■ 

Using the duality isomorphism PD : H2 {X, Z) ~ {X, Z) we have 

:= {PD{[D])AD]) = -l . 

Since the arithmetic genus ga{D) vanishes, one obtains {O d{D)) — {O d{D)) = 
by Ricmann-Roch theorem for embedded curves ([2], p. 65). Therefore, since 
deg^(C»zj(£))) = -1< 0, we get 

h\OD{D)) = h\OD{D))=^ . 

so, denoting by e G H2{X,Z) the homology class represented by D, it follows that 
the Douady space Vou^{X) of compact effective divisors representing this class is 0- 
dimensional at D, and Z) is a smooth point in this space (see [3] p. 135). 

Remark 2.2. Let X be a compact surface and D , E simple exceptional divisors rep- 
resenting the same rational homology class e £ H2{X,Q). Then D — E. 

Proof. {X, D) is the last term (X„, £)„) of a sequence of pairs (Xi, Di), . . . , (X„, £)„) 
obtained from iY,y) as above. We prove the statement by induction on n. If n = 1, 
D is an exceptional curve of the first kind. Since DE = —1, it follows that D is one 
of the irreducible components of E. But the Q-homology classes of the irreducible 
components of a simply exceptional divisor are linearly independent, so one can have 
[£>]q = [£;]q if and only \i D = E. 

If n > 1, let D' be the exceptional curve of the first kind of the blowing up X„ 
Xn-i. One has obviously D'D = 0, so D'E = 0. Therefore either D' is an irreducible 
component of E, or D' D E — 0. In both cases the direct images (p„),(Z?), {pn)*{E) 
via the contraction map p„ : X„ — >■ are simply exceptional divisor in the rational 

homology class {pn)*{e), so they coincide by induction assumption. On the other hand 
one can write D = p;((p„)* (£))), E = p;((p„)*(£;)), so D = E. □ 

The condition "X admits a simply exceptional effective divisor D" is open with 
respect to deformations of X. More precisely: 

Proposition 2.3. let p : X B be a holomorphic submersion with dim {X) = 
dim (B) + 2. Let Dq c Xho be a simply exceptional divisor, and e £ H2{X,Z) its 
homology class in X. There exists a neighborhood U of Dq in Vou^{X) such that 

(1) for every D & U, p{D) is a singleton denoted {p(£')} in B and D is a tree of 
rational curves in Xp(£)), 

(2) the induced map p -.U ^ B is a local biholomorphism at Dq, 
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(3) D is simply exceptional in Xp(D) for every D 

Proof. Let V C B a.n open neighborhood of 60 which is the domain of a chart, and 

V C Vou'^iX) the neighborhood of Dq in T>ou'^{X) consisting of 1-dimensional complex 
subspaces of X which represent the class e and are contained in p~^{V). 

For every D eV the projection p{D) C F is a finite union of points. On the other 
hand it's easy to see that any small flat deformation of a tree of smooth rational curves 
is again a tree of smooth rational curves, in particular it is connected. Therefore, re- 
placing V by a smaller neighborhood if necessary, the conclusion (1) will be fulfilled. 

The normal bundle Mx{D{)) of Dq in X fits in a short exact sequence on Dq: 

^ Nx,„ (Do) = OooiDo) ^ MxiDo) ^ Do x n,{B) ^ . 

Since h^{ODo{Do)) = h^{OD„) = we obtain 

H^{Af;^{Do)) = n,{B) , H\Nx{Do)) = {0} . 

This shows that 'Dou^{X) is smooth at Dq and the projection on B defined by p is a 
local biholomorphism at Dq. This proves (2). Let U CV he an open neighborhood of 
Dq on which p is biholomorphic, and put U := piU) C B. We obtain a holomorphic 
family of trees of rational curves {Di))bGU with Dbg = Dq. 

The third statement can be proved by induction with respect to the number m of 
irreducible components of Dq. Consider an irreducible component D^ of Dq which is 
an exceptional curve of the first kind. Dm is itself a simply exceptional divisor, so the 
statements (1), (2) apply to Dm, and, taking U and U sufficiently small, we obtain a 
holomorphic family 

{Dm,b)beU , Dm,b C X(, 

of simply exceptional divisors. But, by the stability theorem of Kodaira, any small 
deformation of an exceptional curve of the first kind is again an exceptional curve of 
the first kind, so we may assume that all Dm,b are all exceptional curves of the first 
kind. This proves the statement when m = 1. Suppose m > 1. Contracting in the 
curve Dm,b to a point yb for every 6 G B, we obtain a commutative diagram 

Xu ^ y 

Pu\ i/s 
U 

where tt is proper and bimeromorphic whose restriction to any fiber Xb is just the 
blowing down map nb : Xb ^ Yb which contracts Dm,b C Xb to yb. Let V, Vm C Xjj 
be the classifying divisors of the families {Db)bGU, {Dm,b)beu- Supposing U connected, 
we see that Vm is irreducible. One has (VOVm) r\Xb„ — Dm.ba, so (since we supposed 
m > 1) one has V ^ 1?^. Let V be the divisor which coincides with V if "Dm 't- V 
and is obtained from D by removing the "Dm if Vm C T>. The projection on y of 
every irreducible component of 7?' is reduced and irreducible of codimension 1, so 

V — tt{T)') is an effective divisor of y. Any fiber Z)^' of this divisor over a point 
b € U is an effective divisor of Yb (more precisely a tree of rational curves in Yb) so 
V" is flat over U by Lemma 2.4 below. By induction assumption all fibers are 
simply exceptional divisors. Note now that Db is the pre-image t^HD'^) of D'^ in Xb. 
Therefore Db will be simply exceptional, too. □ 

Lemma 2.4. Letp : X B be a submersion of complex manifolds with dim {X) = n, 
dim (B) = m. Let V G X be an effective divisor such that VnXb is a (possibly empty) 
effective divisor of the fiber Xb for every b Cz B. Then T) is flat over B. 

Proof. Let x and let (p : U — > C be a local equation for V around x, i.e. U is an open 
neighborhood of a; in and VCiU = Z{(j)). Consider the map tjj := {p, (p) : U ^ B x C, 
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and note that the fiber ip~^{'4'{x)) of this map can be identified with VnUn Xp(^^^ so 
tlic dimension at x of this fiber has minimal value n — m — 1. By the fiber dimension 
semicontinuity theorem we see that, replacing U with a smaller open neighborhood 
if necessary, we may assume that dim ^ 4'~^{''P{0) = n — m — 1 for every ^ e. U. 
Therefore ip will be flat by the flatness criterion given by the Corollary on p. 158 in 
[8]. Now we apply the base change property of the fiat morphisms to the base change 
-B 9 6 I-)- (6, 0) G B X C and we get that VnU is fiat over B. □ 

For a holomorphic family X ^ B oi compact complex surfaces we will denote by 
k = {kb)beB S H^{B,H^) the section defined by the classes kb := ci{}Cxt), b G B. 

Corollary 2.5. Let X ^ B he a holomorphic family of compact complex surfaces, and 

let e = {eb)beB G H^iB,!^^) such that (e, fc) = —1 and e • e = — 1 with respect to the 
intersection form, induced from any H2{Xb, Z). Then the subset 

Be := {h G B\ Xb admits a simply exceptional divisor representing the class ef,} C B 

is open with respect to the classical topology. 

Lemma 2.6. Let S be a class VII surface and let C he an effective divisor in X with 

C = {C,lCs) = -l . 

Then C = E + V , where E is a sim,ply exceptional divisor, p > 0, and T = f*T' is 
the pre-image of a homologically trivial effective divisor V C S' via the contraction 
f : S ^ S' to the minimal model. 

Proof. If the minimal model of S is an Inoue surface S' with 62 (S") = 0, the result 
is clear, because an Inoue surface with 62 = docs not contain any curve. Therefore 
we shall suppose that the minimal model is a Hopf surface or a minimal class VII 
surface with 62 > 0. Let C = X^I^i '^i^i (^j > 0) be the decomposition of C as linear 
combination of irreducible components. Wc prove the result by induction on the sum 
ac ■= X^i^i ni > 1. If ac = 1; then C = Ci is irreducible with = (C, JCs) = —1, so 
it is an exceptional curve of the first kind by Proposition 2.2 in [2]. 
Suppose now ctc > 2. We have 

i 

hence there exists an index j such that {Cj,ICs) < 0. Since the intersection form of a 
class VII surface is negative definite, one has C| < 0, with equality if and only if Cj 
is homologically trivial. This would contradict {Cj,ICs) < 0, so necessary C| < 0. By 
Proposition 2.2 in [2] again it follows that Cj is an exceptional curve of the first kind. 

Case 1. The homology classes [C]q, [C^Jq coincide in H2{S,Q). In this case the 
effective divisor T := C — Cj is Q-homologically trivial. Therefore the effective divisor 
r' := /^F) C S' is Q-homologically trivial, too. We can write F = /*(F') + F, where 
F is an effective divisor contained in the exceptional divisor of the contraction map /. 
But F must be also Q-homologically trivial, so it is empty. This shows that F = /*(F'), 
where F' is a Q-homologically trivial effective divisor in the minimal model S'. But, 
using Enoki's theorem concerning the classification of class VII surfaces admitting a 
numerically trivial divisor, it follows that on such a surface any Q-homologically trivial 
effective divisor is homologically trivial. 

Case 2. The homology classes [C]q, [Cj]q are different. We contract the exceptional 
curve Cj obtaining a blowing down map g : S Sq. The homology group H2{S,Z) 
has a decomposition 

H2{S,Z)=Z[Cj](BH^ , 
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which is orthogonal with respect to the intersection form qs of S, and 5* induces an 
isomorphism 

(1) {H^,qs\H-^„-) ""'^"^^ {H2{So,Z),qso) 
Since the rational intersection form is negative definite, we have 

(2) < |CC,| = |<z|([C]k, [CjU)\ < - = 1 , 

with equality if and only if [C]r, [Cj]R are colinear. But since these classes belong 
to the lattice i-m{H2{S,Z) H2{S,R)) and (Cj,/Cs) = (C,/Cs) = -1, the colinearity 
condition implies [C]r = [C^-Jr, which cannot hold in our case. Therefore the inequality 
(2) implies CCj = 0, i.e. [C] e H-^. Using the isomorphism (1) we see that g*{C)'^ = 
= -1. On the other hand JCs = g*{lCso){Cj), so 

-1 = (C/Cs) = {C,g*iICs,){Cj)) = CCj + {C,g*{}CsJ) = {g*{C),}Cs,) • 

This shows that the effective divisor Co := g*{C) of So satisfies the conditions 

Co = (CoiA^So) = -1 ■ 
Since aco < we can apply the induction assumption to Cq. Note that C = g*{Co)- 
To see this it suffices to see that 

- they differ by a multiple of Cj, 

- the corresponding homology classes coincide, because they belong to H-^ and 
have the same image via 5*. 

By induction assumption we know that Co decomposes as Cq = Eo + /q (Fq), where 
/o : 5*0 — > S" is the contraction to the minimal model of Sq (which is also the minimal 
model of S), and Tq is a homologically trivial divisor in iSo- Using the equality C = 
g*{Co), we get C = g*{Eo) + g* if 0(^0))- It suffices to note that g*{Eo) is a simply 
exceptional divisor. □ 

The minimal class VII surfaces admitting a (non-empty) homologically trivial effec- 
tive divisor F are classified [7], wc can describe explicitly the second term /*(F) in the 
decomposition given by Lemma 2.6. 

Remark 2.7. IfT is a (non-empty) homologically trivial effective divisor on a minimal 
class VII surface X, then the pair {X, F) is one of the following: 

(1) X is an elliptic Hopf surface and F = X^f^^ TijC,, where n, > 0, > Q 
and Ci are elliptic curves, 

(2) X is a Hopf surface with two elliptic curves Ci, C2, and F = mCi +n2C2 with 
Ui > 0, ni + n2 > 0, 

(3) X is a Hopf surface with an elliptic curve C and F = nC with n > 0, 

(4) X is an Enoki surface and F = nC, where n > and C G X is a cycle of 
rational curves. 

Lemma 2.8. Let X ^ B he a holommphic family of class VII surfaces, let e = 
ieb)beB e H'\B,IL2), bo € B and (bn) jieN* 0- sequence in B converging to bo ■ Consider, 
for every n G N* , a simply exceptional divisor Dn C Xb^ in the class eb^ S H2 {Xb„ , Z) 
such that the sequence {Dn)neN' converges in B%{X) to a 1-cycle Do C Xb^. Then 

(1) The limit cycle Do is a simply exceptional divisor in Xb„. 

(2) Regarding Dn, Do as complex subspaces of X , one has lim„_i.oo -D„ = Do in 
the Douady space T>ou{X). 

Proof. By Lemma 2.6 we see that Do decomposes as Do = Eo + /q (Fo), where Eo 
is a simply exceptional divisor in the class e, fo '■ Xb„ Xl^^ is the contraction to 
the minimal model, and Fq is a homologically trivial effective divisor in Xl^^. By 
Proposition 2.3 there exists an open neighborhood U of Eq in VouiX) such that every 
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element E ^ £ is a, simply exceptional divisor in the fiber -'^p(D) where p : U ^ U is 

a biholomorphism on an open neighborhood U of 60. For sufficiently large n one has 
bn € U we obtain a simply exceptional divisor En := p~^(6„) in X^^, and obviously 

lim En = Eq 

n— >oo 

in the Douady space T>ou{X), so also in the Barlet space B%{X). But, for every n G N*, 
Dn and En are simply exceptional divisors representing the same homology class, so by 
Lemma 2.2 we have -D„ = En for any n € N*. But the Barlet cycle-space is Hausdorff 
so, since the limit of a convergent sequence in a Hausdorff space is unique, Dq = Eq- 
This shows that Dq is a simply exceptional divisor, and the that lim„_,.oo -D„ = Dq 
also holds in the Douady space. □ 

Let p : X ^ B he a deformation of class VII surfaces parameterized by a complex 

manifold B. Let again k G H^{B,H_^) be the element defined by the family of Chern 
classes kb := Ci(/Cx(,), b £ B. Using the exponential short exact sequence 

on X, the vanishing of the coliomology groups H^{Xh,Oxh) we obtain the exact se- 
quence of sheaves on B 

(3) ^ R^P*{Ox)i^^ ^ R^p.{0*x) -^H^^O. 

The quotient sheaf on the left (respectively the sheaf in the middle) is the sheaf of holo- 
morphic sections in a locally trivial complex Lie group fiber bundle Pic° (respectively 
Pic) over B whose fiber over b G B is Pic^{Xb) (respectively Pic(Xf,)). 

On a class VII surface the canonical morphism H^{X, C) — )■ H^{X, O) is an isomor- 
phism, so R^p^:{Ox) can be identified with H}^Ob- It is easy to see that the sheaf H} 
(which is obviously locally constant with fiber isomorphic to Z) is in fact constant; it suf- 
fices to see that the degree maps associated with a smooth family of Gauduchon metrics 
on the fibers define canonical orientations of the real lines H^{Xb,^>o) C H^{Xh,C*), 
so canonical orientations of the lines H^{Xi,, K), so canonical generators of the infinite 
cyclic groups H^{Xf„ Z). Therefore the complex Lie group bundle Pic° is in fact trivial 
with fiber C*. It is convenient to choose a trivialization (j) = ((^(, : C* — >■ Pic'^{Xh))beB 
of this fiber bundle such that for every b £ B one has 

lim deg {(t)b{z)) = 00 

z— s-O " 

with respect to a Gaiiduchon metric on a fiber Xf,. 

For every section c € H°{B, H^) we obtain a subbundle Pic'^ of Pic, which becomes a 
principal C*-bundle via the chosen trivialization cj) : BxC* Pic°. The associated line 
bundle V on B can be obtained by adding formally to Pic'^ a zero section {0^1 b G B}, 
such that for every b G B one has 

VA e Pic'^" (Xb) lim (j)b(z) o A = 0^ . 

Z—¥0 

Theorem 2.9. Let e = {eb)beB e H"{B,H_2) such that = (e,fc) = -1, and let Be 
be the open subset of B consisting of points b for which Xb admits a simply exceptional 
divisor Eb in the class Cb- If B^ ^9 then 

(1) There exists an effective divisor £q C p~^{Bf.) flat over B^ whose fiber over a 
point b G Bg is Eb- 

(2) The map ag Be ^ defined by b ^ [Oxb{Eb)] extends to a holomorphic 
section Sg of the line bundle over B . 

(3) One has Be = B\Z{se), where Z{-) stands for the vanishing locus of a section. 
In particular, the complement of Be is a divisor He := Z{se), so Be is Zariski 
open. 
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Proof. Using Remark 2.2 and Proposition 2.3 we see that the map 

Be3b\-^ EbG Vou{X) 

is well-defined and holomorphic. The first statement follows now from the universal 
property of the Douady space. 

Let {gb)beB be a smooth family of Gauduchon metrics on the fibers Xi, normed such 
that for every 6 e .B it holds degg^{^b{z)) = — log \z\. The map — > [0, oo) given by 

Pic%Xb) 9 [jC] ^ e-'^'s^i.^^^ , Ob ^ 
defines a norm || • || on the holomorphic line bundle on B. We claim 
Claim: For every bo G Be \ B^ one has limb_>.6o ||(Te(6)|| = 0. 

Indeed, if not, there exists a sequence {b„)neN' in^ converging to bo and e > such 
that ||ae(6n)|| > £ for every n G N*. This implies that the sequence 

(dcggj_^(o-e(fc«)))neN* = {volg^^{EbJ)nel'i* 

is bounded, so there exists a subsequence of converging in the Barlet space 

B%{X) [1]. By Lemma 2.8 the limit divisor Eo in Xb^ will be simply exceptional, so 
bo € Be, which contradicts the choice of bo- This proves the claim. 



We define now a section : B ^ by 

,^(^) / ^e(6) if 6 G Be 



06 if 6^ Be • 

Using the claim proved above we see that is continuous. The first statement of the 
theorem follows now from Rado's theorem, and the second follows from the first and 
the explicit construction of the section s^- □ 

Remark 2.10. The functor which associates to a pair {p : X ^ B,e) consisting of a 
holomorphic family of class VII surfaces and a section e = {eb)beB G H^{B,II^2) ''^^^^ 

e2 = (e,fc) = -1 

the (possibly empty) effective divisor H^, C B, commutes with base change. Therefore 
this functor should be interpreted as an effective Cartier divisor in the moduli stack 
classifying pairs {X,r]) consisting of a class VII surface X and a class r] G Il2{X,Z) 

with if = (77, K-x) = — 1- 

RemEirk 2.11. The underlying codimension 1 analytic set S^e C B associated with Hg 
coincides with the hypersurface defined by Dloussky in [5]. 

3. Extension theorems 

Let p : X ^ Bhea. holomorphic family of class VII surfaces. Using the notations and 
the definitions introduced in the previous section, fix a section e = {eb)bG b G -ff ° {B,II_2) 
such that = (e,/c) = —1, and let B^ := B \ Hg c B the associated Zariski open 
subset (see Theorem 2.9). We know that is the vanishing divisor of a holomorphic 
section Se G H^{B,V^), which on B^ is given by 6 1-^ [Oxi,{Eb)\, Eb being the unique 
simply exceptional divisor on Xb representing the class Cfc. 

As we explained in the introduction the fundamental problem studied in this article 
is the evolution of the divisor Eb as b tends to a point 60 G i?e- Since the volume of Eb 
with respect to a smooth family of Gauduchon metrics on the fibers tends to infinity 
as 6 — >• 60) we cannot expect to understand this evolution using standard complex 
geometric tools applied to the given family. 

In this section we will prove that, under certain assumptions, a lift Eb of Eb in the 
universal cover Xb of Xb does have a limit as b ^ bo, and this limit is a non-compact 
divisor of Xb^. Moreover, the family {Eb)beB extends to a flat family of divisors over 
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the whole base B. We can prove this type of extensions results under two types of 
assumptions. First we will assume that all the fibers Xi, arc class VII surfaces with the 
topological type of class VII surfaces having a non-separating strictly pseudo-convex 
embedded 3-sphere; second we will suppose that the subset Bq c B consisting of points 
b for which Xh is an unknown class VII surface is contained in an analytic subset of 
codimension > 2. 

The diffcomorphism type of a GSS surface with b2 = n is (S^ x S^)^nP'^, so if the 
GSS conjecture was true this would be the diffcomorphism type of any minimal class 
VII surface with b2 = n > 0. Moreover, by a result of Nakamura [9], any minimal 
class VII surface with b2 = n > containing a cycle of curves is a degeneration ("big 
deformation") of a family of blown up primary Hopf surfaces, so it also has the diffco- 
morphism type of a GSS surface. By the results of [14], [15] every minimal class VII 
surface with 62 G {1; 2} docs contain a cycle, so by Nakamura's result, it has the same 
diffcomorphism type. Therefore, studying class VII surfaces with the diffcomorphism 
(or, more generally, homeomorphism) type {S^ x 5^)#nP^, and studying deformations 
of such surfaces, is an important problem. 

In general, if M is a topological 4-manifold M with this topological type, then every 
2-homology class e e H2{M,Z) is represented by an embedded surface with simply 
connected components, in particular it lifts to H2{M,Z). More precisely, H2(M,'Z) 
is naturally an n-dimensional free Z[_F]-module, where F stands for the multiplicative 
group AutM(-^) — {/'^l A: G Z} ~ Z, and the quotient 



is naturally isomorphic to H2{M, Z). Here Z is regarded as a Z[F]-algebra via the trace 
morphism 



and (id - /) stands for the ideal (id - /) = (id - f)Z[F] c Z[F] generated by id - /. 

Let p : M ^ B he a locally trivial topological fiber bundle with {S^ x S^)#n¥'^ as 
fiber and 2-connected basis B, a : A4 ^ M. the universal cover of the total space, and 

p := p o a : Ai ^ B the induced fiber bundle. Since B is 2-connected, the homotopy 
long exact sequence associated with the locally trivial fiber bundle p shows that the 
fiber embedding i(, : M(, ^ M. induces an isomorphism 7ri(Mfe,m)-^ ■K\{M.,m), so 
the induced projection at, : M}j — ;> M}j is a universal cover of the fiber Af5 for every 
m e Mfc. Note also that the assumption "S is 2-connected" implies that the locally 

constant sheaves IP on B are constant, for every i e N. Denoting hy H^^, II the 
corresponding sheaves associated with the fiber bundle pwe obtain sheaf epimorphisms 

— > iJj and sheaf monomorphisms W ^ IL defined by the morphism sequences 

We denote by / a generator of Aut;vi(A4) and by the induced generator of 
AutMi,(A^b). With these notations we obtain, for any b € B, a. commutative diagram 
with horizontal short exact sequences: 



Let X be a class VII surface with topological type {S^ x S'^)#nP^ and S a strictly 
pseudo-convex non-separating embedded 3-sphere in X. A lift S of E to X separates 
X in two manifolds with common boundary S, so we can define the pseudo-convex 





(id 



h)H2{Mb,Z) ^ H2{Mb,Z) 

m\B,H^) ^ H^{B,H2) 



^ i?2(Mb,Z) -^0 
' H'^iB^H^) ^0 



-> (id 



INFINITE BUBBLING IN NON-KAHLERIAN GEOMETRY 



13 



and pseudo-concave ends of X as in the case of GSS surfaces (see section 1.2): the 
pseudo-convex end of X is the end defined by the connected component of X \ E whose 
closure has strictly pseudo-concave boundary. One can prove that this labeling of the 
ends is coherent, i.e. independent of the choice of E and S. 

Theorem 3.1. (first extension theorem) Let p : X ^ B he a holomorphic family of 
class VII surfaces with 2- connected basis B, such that every fiber Xi, 

(1) has the topological type {S^ x S'^)#nP, 

(2) admits a non-separating strictly pseudo-convex embedded 3-sphere S;,. 

Let e = {eb)beB £ H°{B,H^) with = (e, k) = -1 such that Be 7^ 0. Let a : X ^ X 
be a universal cover of X, ande= {ebjb^B a lift of e in H^{B,H_2). Then there exists 
an effective divisor £ G X with the following properties: 

(1) For any point b € Be, the fiber Eb := £ D Xh is a lift representing Cb of the 
unique simply exceptional divisor Eb in the class 65, 

(2) For any point b G Hf,, the fiber Eb is bounded towards the pseudo-convex end 
of Xb, but unbounded towards its pseudo- concave end. 

(3) £ is flat over B. 

Proof. Using Theorem 2.9 wc get an effective divisor fo C p^^(i?e), flat over Bp, whoso 
fiber over a point 6 e .Be is the unique simply exceptional divisor Eb C Xb in the class 
Cb. Since Eb is a tree of rational curves (so simply connected), it can be lifted to Xb, 
and the set of lifts can be identified with the set a^;J(e{,) C H^iXb, 1). Moreover, since 
Eb has a simply connected neighborhood in X, such a lift can be locally chosen such 
that it depends holomorphically on 6 e -Bg. 

For b € Be let Eb be the lift of Eb representing the given class eb G H2{Xb, Z). Using 
Proposition 2.3 we see that map Be 3 b ^ Eb & T>ou^{X) is biholomorphic. The union 

£0 ■= U 

beBe 

is an eff'ective divisor of p~^{Be) C X, and the restriction a|g^ : £0 ^ £0 is biholomor- 
phic. 

The idea of the proof is to prove, using the Remmert-Stein theorem, that the closure 
£ := £0 of £0 in A" is a divisor, and that this divisor has the desired properties. The 
irreducible components oi He := X\p~^{Be) = p^^{He) have the form p~^{H), where 
H is an irreducible component of the divisor He (see Theorem 2.9). Let H[) bo such a 
component and bo € Hq. Using the second property of the fibers, we get an embedding 
So : ^ Xba whose image Sq is non-separating and strictly pseudo-convex. The 
image Sq := im(so) of a lift so : ^ Xbo of this embedding to Xbo separates Xbg 
in two manifolds X^, the first with strictly pseudo-concave, the second with strictly 
pseudo-convex boundary Sq. 

We can deform the lift Sq to get a smooth family of embeddings (sb : 5^ X)b^u, 
where [/ is a connected open neighborhood of 60 in B, such that Sb^ = so, and for every 
5 G [/ the image := im(sfc) is a strictly pseudo-convex separating hypcrsurface of 
Xb- Therefore, for every b G U the universal cover Xb of Xb decomposes as the union 
of two manifolds X^, the first with pseudo-concave, the second with pseudo-convex 
boundary Efc. Similarly, Xu := p~^{U) decomposes as the union of two manifolds 
X^ = UbeijX^ with common boundary Gu := Ubeu^b- We choose the generator / 
of Autx {X) such that the induced automorphism fb of Xb maps X^ into itself (so it 
moves the points towards the pseudo-concave end) for every b gU. 
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Choose a point vq € Bf.n U. Since the divisor E^^ c X^,^ is compact, we can find 
m e N sufficiently large such that if~J^{X+)) n Ey„ = 0. We claim 

Claim: {f-'^{X+)) n = 0- 

Indeed, let V C U n the subset of points for which n ^„ = 0. 

Since all divisors E),, b G Bg are compact, it follows easily that V is open in U (1 Bg. 
We will show that it is also closed in U Ci B^; in order to check this, lot (i;„)„gN* 
be a sequence in V converging to a point w € U D B^- Since Ey^ C f~"^{X~ ) for 
every n e N* it follows that E^ C fw"^{X~). The intersection E^ n /^""(E^) is 
empty, because /""(Sji,) regarded as boundary of f~"^{X~) is strictly pseudo-convex. 
Therefore E,„ n = 0, so w € V. 

Therefore V is both open and closed in U D Bf. = U \ He, which is connected, so 
V=UnBe. Therefore (/^"(^ +)) njo = for every u€UnBe,so for every ueU; 
taking into account that Uuec/ fu"^{-^u) — / '"('^c/ )' this proves the claim. 

Note now that f~'^{X^) is a neighborhood of any point in fbJ"~^{X^^). Therefore 

the claim implies that Hq contains points which do not belong to the closure So of 
the divisor Eq C X \Hq. Since this holds for every irreducible component of H^, 
the existence of a divisor £ satisfying the first property stated in the theorem follows 
now from the Remmert-Stein theorem (see [13] KoroUar zu Satz 12, p. 300). For the 
second property note first that for any 5o € we have H Ebo = 0, so 

E'bo is indeed bounded towards the pseudo-convex end of X^^ . On the other hand Ei,„ 
cannot be compact because, if it were, its projection on Xi,^ would be a limit of simply 
exceptional divisors, so itself simply exceptional (contradicting 6o G Hg). 

For the third property note that for every b G B the fiber E^ of £ is a divisor of X},, 
so the result follows from Lemma 2.4. 

□ 

Remark 3.2. Note that for b G Be the divisor Eb represents the class Cb € H2{Xb,Ij). 
This property cannot be extended for b G He because in this case Eb is no longer 
compact. However, using the flatness property of £ over B we see that for every b G B 

(1) ci{Oxb{Eb)) is the image of the Poincare dual PD(eb) G iJ^(Xb,Z) ofeb via 
the natural morphism _ff^(Xf,,Z) — > _ff^(Xt,Z). 

(2) Eb represents the image ofeb iri the Borel-Moore homology group H^^'^(Xb,'Z). 

Taking into account Remark 3.2 and Theorem 3.1 we obtain immediately Theorem 
1.2 stated in the introduction. 

Remark 3.3. The assignment {p: X^B,a: X^X,'e)^£(lX given by the proof 
of Theorem 3.1 is compatible with base changes x ■ B' ^ B satisfying x~^{Be) 7^ 0- 

Using this remark one can prove that the assumption Be ^ 9 in Theorem 3.1 can be 
replaced with one of the following equivalent assumptions: 

(i) For every b G B there exists small deformations of Xb admitting a simply 
exceptional divisors in the class e^. 

(ii) For every b G B the versal deformation of Xb contains surfaces admitting a 
simply exceptional divisors in the class Cb. 

In particular, the theorem holds when all the fibers are GSS surfaces, because any GSS 
surface can be deformed into simply blown up prim,ary Hopf surfaces. We will see in 
the next section that for families of GSS surfaces, the divisors Eb, b G He are always 
given by infinite series of compact curves. 
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Using Remark 3.3 we obtain Theorem 1.3 stated in the introduction. 

Our second extension theorem concerns famihes of class VII surfaces for which the 
existence of strictly pseudo-convex embedded 3-spheres is assumed only for the fibers 
X5, b Q B\A, where A is an analytic subset of codimcnsion > 2 of B and contained in 
the divisor Hg. This theorem contains obviousy Theorem 1.4 stated in the introduction 
as a special case. 

The ends of the universal covers Xi, of the fibers form a trivial double cover of B, 
so one can speak about the pseudo-convex and the pseudo- concave end of Xf, even for 
points b £ A. 

Theorem 3.4. (second extension theorem) Let p : X ^ B be a holomorphic family of 
class VII surfaces with 2-connected basis B. Let e = {eb)beB G H^iB^H^) = H2{X,'Z) 
with e^ = {e,k) = —1 such that B,, 7^ 9, and A an analytic subset of codimcnsion > 2 
of B such that A C Hg and, for every b G H(.\ A, the fiber Xi, has the properties 

(1) has the topological type {S^ x 6'^)#nP^, 

(2) admits a non-separating strictly pseudo-convex embedded 3-sphere S;,. 

Let a : X ^ X be a universal cover of X , and e = {ei,)beB 0, lift of e in H^(B, Hp )- 
Then there exists an effective divisor £ C X with the following properties: 

(i) For any point b G B^, the fiber Et '■= £ Ci Xb is a lift representing Cb of the 
unique simply exceptional divisor Eb in the class Cf,. 

(ii) for any point b G ^ B \ Be, the fiber Eb is a divisor of Xb which is bounded 
towards the pseudo-convex end of Xb, but unbounded towards its pseudo-concave 
end. 

(iii) £ is flat over B. 

Proof. Applying our first extension theorem Theorem 3.1 to the family p~^ {B \ A) — > 
B\Ave get an effective divisor £^ C p~^{B\A) flat over B\A satisfying the property 
(i) and also the property (ii) for any point b € B\A. So £° is the closure in p~^{B\ A) 
of the lift £0 C p^^{B \ He) of £0 obtained by lifting fiberwise the simply exceptional 
divisors Eb in the homology class Cf, (for b G B^). 

Since p~^{A) has codimcnsion >2mX, the closure £ := f ° of f ° in X is an effective 
divisor of X by the second Remmert-Stein extension theorem (see [13] Satz 13 p. 299), 
and with this choice the first statement of the theorem is proved. 

For the second statement, the first problem is to show that for 6 G A the intersection 

Eb := £ n Xb is a divisor of Xb, i.e. that Eb does not coincide with the whole surface 
Xb. We will show first that £ Ci Xb is bounded towards the pseudo-convex end, which 
will imply that Eb ^ 7^ so this intersection is indeed a divisor of Xb with the 
desired property. 

Consider the semigroup G+ := {/"| n G N} of transformations of X which act 
fiberwise with respect to the fibration p : X ^ B. Here we choose the generator / 
of AutxiX) as in the proof of Theorem 3.1, so that it moves the points towards the 
pseudo-concave ends of the fibers Xb- Using the same arguments as in the proof of 
Theorem 3.1 we see that the closure of the effective divisor 

Po:=G+{£o)= \Jn£o) 

ra6N 

in p^^{B\A) is also an eff'ective divisor ofp~^{B\A), fiat over B\A. Using the second 
Remmert-Stein extension theorem cited above we get two effective divisors 
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in X (where denotes everywhere closure in X). For every n G N, we have /"(fo) C 
so, since the right hand space is closed, we get f"{£) C which proves the inclusion 

(4) VneN CJ". 

Recall that the effective divisor Sq of p~^{Be) is identified with Sq via the covering 
map a. Since the set of irreducible components of Sq is finite (bounded by the minimal 
number of irreducible components of the simply exceptional divisors Ei, as b varies in 
Be), the same will hold for Sq. Let Co be an irreducible component of So- Using the 
two Remmert-Stein theorems cited above, we see that the closure of Cq in p~^{Be) 

is an effective divisor in this manifold, and that C := C = Co is an effective divisor of 
X. We will show that 

Claim 1: C fl is hounded towards the pseudo-convex end of for every h & A. 

Since £ is the (finite!) union of the closin-cs C of the irreducible components Co of £q, 
the claim implies obviously the second statement of the theorem. 

We prove now Claim 1. Choose a point 6o G A. Since p is a locally trivial differ- 
entiable fiber bundle, it follows that there exists a smooth embedding sq : X^^ 
whose image So does not disconnect X, and let sq : S'^ ^ Xbo be a lift of sq to 
Xbo- We can deform So to get a smooth family of embeddings (sb : X)i)£u, 
where J7 is a connected open neighborhood of bo in B, such that = so and s& is 
an embedding of in Xb for every b ^ U. We can regard this family as an embed- 
ding s : U X ^ Xu := p~^{U), whose image T,u separates Xu in two connected 
components. Moreover, Xu can be written as an infinite union 

where XJ} = /"(Aj)) is a manifold with two boundary components /"(E[/), /"+^(S(7). 
Let y £ J7 an open neighborhood of 5o with compact closure V d U, and put 

Xy := p ^{V) , Sy :— S(7 n Xy , Xy := XJ) n Xy , 
and note that the spaces X^ = f"{X^) are all compact. Our claim follows from 
Claim 2: C fl Xy is hounded towards the pseudo-convex end. 

Indeed if, by reductio ad absurdum, C fl Xy were not bounded towards the pseudo- 
convex end. then the same would be true for f^{C) H Xy for every n > 0. Therefore 
the irreducible divisors f"iC) intersect the compact subset X^ of X for all sufficiently 

large n > 0. Using Lemma 3.5 below, it would follow that the sequence (/"(C))„>o 
is finite, which is of course impossible, because the intersections of these divisors with 
p~^{Be) are pairwise different. 

The third statement of the theorem follows now using the same arguments as in the 
proof of the similar statement in Theorem 3.1. □ 

Lemma 3.5. Let M be a connected complex manifold, and let (-Dri)neN sequence 
of effective irreducible divisors in M . Suppose that 

(1) The union D := UneN divisor of M , and 

(2) there exists a compact subspace K c M such that K n ^ for every n G N. 
Then the set of divisors {Dn\ n G N} is finite. 
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Proof. If not, there would exist a subsequence (£)„^)mgN of {Dn)nen such that Dn^ ^ 
Dm for every k ^l. Since all these divisors are irreducible, it follows that: 

Remark: For k ^ I, the analytic set fl does not contain any codimension 1 
irreducible component. 

For every m G N, let £ K C\ D„„ , and \ei x K be the limit of a convergent 
subsequence {xm,)s&i of {xm)m,&i- Let [/ be a connected open neighborhood of x, so 
U contains all the points Xm, with s > sq for a sufficiently large index sq € N . For 
every s > sq we consider an irreducible component Eg of the intersection Dn„-^ H U , 
so Es is a non-empty effective divisor of U . Taking into account the remark above, it 
follows that Eg ^ Et for s ^t. 

Therefore, the intersection D (1 U = (UneN-^n) ^ ^ contains the infinite imion 
Us>so °^ pairwise distinct irreducible effective divisors Eg, so D (lU cannot be a 
divisor of U. This contradicts the first assumption of our hypothesis. 

□ 



4. The case of GSS surfaces. The fundamental series 
We begin with the following 

Definition 4.1. Let X be a compact complex surface. We say that X contains a global 

spherical shell (GSS), or that X is a GSS surface, if there exists a biholomorphic map 
ip : U —¥ X from a neighborhood U C C"^ \ {0} of the sphere into X such that 
X\ip{S^) is connected. 

Primary Hopf surfaces are the simplest examples of GSS surfaces. The diff'erential 
topological type of a GSS surface X with b2iX) = n is (5"^ x S^)^nW, so H2{X,Z) 
admits a (unordered) basis *B C H2{X,Z) trivializing the intersection form qx oi X, 
i.e. such that 

/ /,_/ if e'^e" 

\ -1 if e' = e" • 

Decomposing the Chern class ci(/Cx) = —ci{X) G H^{X,I,) with respect to the 
Poincare dual basis 05^ = {PD{e)\ e e 05} of H'^{X, Z) we get 



ee'B 

with fce = 1 mod 2 (because Ci{ICx) is a characteristic class) and J2"^<s = ^ci(X)^ = 
C2{X) = n. This shows that fee € so, replacing some of the elements e G S by 

— e if necessary, we may assume that 

(5) ci(/Cx) = ^P7^(e) , 
or equivalently 

(6) VeeOS , (e,ci(/Cx)) = -l • 

There exists a unique unordered gx-trivializing basis *B with this property, and this 
basis will be called the standard basis of H2{X, Z). Note that the homology class of any 
simply exceptional divisor of X (if such a divisor exists) is an element of its standard 
basis. 



For surfaces X with GSS, the second Betti number b2{X) is equal to the number of 

rational curves in X. A marked GSS surface is a pair {X, Co) consisting of GSS surface 
with b2{X) > 1 and a rational curve Co in X. 
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Any minimal marked GSS surface (X, Co) with n = b2{X) > 1 can be obtained 
using a simple 2-step construction consisting of an iterated blow up followed by a 
holomorphic surgery. More precisely, let 11 = Ho o • • • o n„_i : B he a sequence 

of n blowing ups such that 

- the first blowing up Ho : B^° — >■ B blows up the origin 0_i := (0,0) in the 
2-dimensional unit ball i? C C^, 

- for i = 0, . . . , n - 2 the blowing up H^+i : B^°°-°^'+^ ^noo-on, ^j^^g 
point Oi e n^^(Oi_i) in the surface ^noo - onj obtained at the previous step. 

Applying the same sequence of blowing ups to a ball B{r) of radius r and to its 
closure B{r) we obtain complex surfaces (respectively compact complex surfaces with 
boundary) which will be denoted by B{r)^, respectively B(r)^. 

Let now c : _B — > B^ an embedding which extends to a biholomorphism from a 
neighborhood of B onto a small open ball in S^such that ct(0) = 0„_i S Il~\{On-2)- 
One can associate to the pair (11, cr) a minimal surface X = X(n, a) by removing from 
B^ the image <j{B), and idcintifying the two boundary components dB^, a(dB) of the 
compact manifold with boundary A := B^ \ cr{B) by cr o n, the holomorphic structure 
on the resulting differentiable manifold being defined such that the natural surjective 
locally diffeomorphic map 

qn,a ■■ B{1 + e)" \ a{B{l - e)) X(n, u) . 

is a biholomorphism. One can prove that for any marked surface {X, Co) there exists 
a pair (11, ct) and a biholomorphism X X(n, cr) such that Co corresponds to the 
image via gn,cr of the first exceptional curve 1 (0_ 1 ) . We will identify X with X(Jl,a) 
via this biholomorphism. 

For any i G {0, . . . , n — 2} consider a small closed ball Bi centered at Oi £ ijnoo - oni 
and denote by Si the lift of its boundary to B^. It is also convenient to denote by 
S-i := dB^, Bn-i := cr{B), and Sn-i := 9B„_i = <j{dB). In this way A decomposes 
as the union 

n-1 

A = y 2ii , 

1=0 

where each 2ti is a compact surface with two boundary components: a strictly pseudo- 
convex component 9_(2tj) ~ Si-i and the strictly pseudo-concave component 9+(2ti) ~ 
Si. Every 21^ is biholomorphic to the manifold obtained from a blown up closed ball 
by removing a small open ball centered at a point of the exceptional divisor. 

The universal covering space X can be obtained as an infinite union of copies Ak 
of A, the pseudo-convex boundary component of Ak being identified with the pseudo- 
concave boundary component of the previous annulus A^-i via cr oil. We will identify 
Aq with A, so Aq decomposes as Ur=o^ correspondingly we get decompositions 

n-1 

vj e z , Aj = U ^nj+i , X = U a, , 

i=0 sGZ 

where 2l„j+i is a copy of 2tj for every i G {0, . . . , n— 1}, and X is obtained by identifying 
the pseudo-convex boundary component 9_(2ls) of any 21^ with the pseudo- concave 
boundary component 9+(2ls_i) of the previous piece, in the obvious way. For every 
fc e Z we put 

Xk := U • 

s<k 

Note that Xnj+n-i = [jj'<j^j'- The boundary dXk is the strictly pseudo-concave 
3-sphere 9+(2lfc) ~ 9+(2l^_^rfci) ~ Sj^r^. We denote by Xk the surface obtained 
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by gluing (a copy of) -B^_„|fe j along this boundary. For every k < I we have obtain a 
commutative diagram 

Afc — )■ Xi 

TTi- ; 

Xk < 

where tfe, ii, Lk,i are the obvious inclusions, and Trk,i is an order I — k iterated blow up 
at the center of the ball -B^_„jfcj. For k < I < m one has obviously o ; = Lk,m, 

T^k.i^T^i.m — '^k,m- Notc that, for i G {1, . . . , n— 1} the blow up iTnj+i-i^nj+i corresponds 
to Ilj via obvious identifications, whereas nnj-i,nj corresponds to Ho o a~^. We will 
denote by E). the exceptional curve of the blow up nk-i^k '■ Xk Xk-i- The pre-image 
b'^^{Ek) is of course non-compact, but its Zariski closure in X is a compact rational 
curve Ck which can be explicitly obtained in the following way (see [4] for details): 

Remark 4.2. There exists s £ {1, . . . , n + 1} such that the proper transform of Ek 

in Xk+s is contained in the image of Lk+s, so Ck '■— i-k+si-^k) ^ compact rational 
curve in X, which can he identified with the Zariski closure o/i^^(£^fc)- 

Note now that the group morphisms -ff2(tfe) : H2(Xk,'Z) — > H2{Xk,1') are iso- 
morphisms, and that via the isomorphisms H2{Lk), H2{ik-i), the monomorphism 
H2{ik-i,k) defines a right splitting of the short exact sequence 

G^Z[Ek]^ H2{Xk,-L) '^^^^"-^''■^ H2{Xk-i,-L)^G . 

We denote by Cfe the image in H2{Xk,Z) of the class [Ek] via H2{ik)^^] to save on 
notations we will use the same symbol for the images of e/j in H2{Xi,Z) {I > k) and in 
H2{X,Z). With these conventions we can write 

H2{Xk, Z) = Ze« , H2{X, Z) = Ze« 

s<k sez 

Using Remark 4.2 wc sec immediately that, via this decomposition, the homology class 
[Ck] & H2{X,Z) decomposes as 

Sk 

(7) [Ck] = efe - ^ ek+i where 1 < Sk <n + l . 
Note that one has obviously 

(8) Sk = -Cl - 1 . 

The n compact curves of the minimal GSS surface X = X{Il,a) are just the pro- 
jections Ck ■— a{Cnj+k) of the compact curves wc obtained in the universal cover X. 
Note also that the set {ck := a*(efe)| A: G {0, . . . , n — 1}} is precisely the standard basis 
<B oiX. 

We will show now that any class decomposes formally in a well defined way as an 
infinite series of classes of compact curves which is bounded towards the pseudo-convex 
end. These formal identities correspond to equalities in the Borel-More homology of 
X. We will begin with several interesting examples: 

Exemple 4.3. Enoki surfaces. 

An Enoki surface X has a cycle Y^"Zq Ci oi n = b2{X) rational curves. We have 

[Ci] = Bi- Cj+i, i G Z„ . 
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In the universal cover X we have curves Ci representing the 2-honiology classes 
[Cj] = — e,+i, i G Z, therefore we get the decomposition 

oo 
3=0 

Exemple 4.4. Minimal GSS surfaces X with h2{X) = 1. 

There arc two classes of minimal GSS surfaces X with b2{X) = 1: 

- Enoki surfaces with 62 = 1, 

- Inoue-Hirzebruch surfaces with one cycle, 

The first class has been treated above, so we discuss the second one. The curves 
in the universal cover X of an Inoue-Hirzebruch surface X with 62 (^) = 1 form two 
chains of rational curves 

^(^24, C'2i+l 

with [Ci] = Cj — (cj+i + ej+2). Using the Fibonacci sequence (wn)neN given by 

Uq = l,Ui = 1, Un = Un-2 + W„_l, n > 2 

we get 

— ^ ^ '^nCi-i^n • 
n>0 

Exemple 4.5. Minimal GSS surfaces X with b2{X) = 2. 

There are four classes of minimal GSS surfaces X with 62 (^) = 2. 

- Enoki surfaces with &2 = 2, 

- Intermediate surfaces, 

- Inoue-Hirzebruch surfaces with one cycle, 

- Inoue-Hirzebruch surface with two cycles consisting of a rational curve with a 
double point. 

The case of Enoki surfaces has been treated above for any 62 > 0. 

Intermediate surfaces. An intermediate surface with 62 = 2 has a rational curve with 
a double point Co and a non-singular rational curve Ci with 

Cq = —1, Ci = —2, CqCi = 1 . 

Using our conventions and notations we get decompositions 

[Co] = -ei, [Ci] = ei - eo . 

In the universal covering space X we have an infinite chain of curves J^iei with 
pairwise disjoint trees C2i+i, i GZ which decompose as follows: 

[C2i] = e2i — e2i+i — e2i+2 , [C2i+i] = €21+1 — 62^+2 . 

We have then 



00 

'^■2i = X] 2^ { (^2(i-Fj) - e2(i+j)+i - e2{i+j)+2) + (e2(i+j)+i - e2(i+j)+2) | 

00 

= ^2^ [C2{t+j) + C'2(j+j)+i I 

00 

621+1 = (e2i+l - e2i+2) -|-e2i+2 = [C2i+l] -I- ^2-' |[C2(i+j+i)] -I- [C2(j+j+i) + i]| . 



j=0 
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Inoue-Hirzebruch surfaces with 62 = 2 and one cycle. Such a surface has a cycle Cq+Ci 
of non-singular rational curves, where 

= -4 , C! = -2 , CoCi = 2 . 

More precisely 

[Co] = -2ei , [Ci] = ei - eo . 
In the universal cover X the homology classes of the compact curves Ci decompose as 

[C2i] = e2i — e2i+i — e2i+2 — 624+3 , [^22+1] = 621+1 — 621+2 • 
These curves form two disjoint infinite chains of rational curves 

C^i + C4j+3 , Cii+l + C4i+2 • 

We define by induction the following sequences of positive integers {aj)j^^, {bj)j^j^ 
where ao = bo = 1, and 

""^ with^:. 

Then 



bj J \ bo J "12 1 



e2i = (e2(i+j) - e2(i+j)+i - 62(j+j)+2 - e2(i+j)+3) + bj (e2(j+j)+i - e2(j+j)+2) 

00 

= X] [^2(j+j)] + &j [C2(i+j)+l] 

= [^2,] + [C2i+l] + 2[C2i+2] + S[C2i+3] + HC2i+i] + 7[C2i+5] + 12[C2i+6] + ■■■ 

00 

621+1 = (62i+l — 621+2) + e2i+2 = [C2i+l] + ^ [C2(i+j+i)] + bj[C2{i+j+l) + l] ■ 

i=o 

Inoue-Hirzebruch surfaces with b2 — 2 and two cycles. In this case we have two cycles 
Co, Ci consisting of a rational curve with double point. The intersection numbers are 

and the decompositions of [Ci] with respect to the standard basis are 

[Co] = -61, [Ci] = -60 . 

In X we have two disjoint chains of rational curves J2iez J2iei. where 

[C2i] = 62i — 621+1 — 62i+2 , [C2i+l] = 62i+l — 62i+2 — 62i+3 • 

Therefore denoting again by {uj)j^^ the Fibonacci sequence used before we obtain: 

621 = Uj{e2i+j - e2i+j+l - e2»+j+2) = '^Uj[C2i+j] 

j>0 j>0 

e2i+i = ^Uj(e2i+j+i - e2i+j+2 - e2j+j+3) = '^Uj[C2i+j+i] ■ 

j>0 j>0 

The next result deals with the general case: 

Proposition 4.6. Let X = X{U, a) be a GSS surface with b2{X) = n > 1 and {ei)iQi 
be the standard base of H2{X ,Z) constructed above. Then for any i G Z there exists a 
well defined infinite series with positive integer coefficients X^j>o Q:j [C'i+j] whose sum is 
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the image ofci in the Borel-Moore homology group /f™(X,Z). Moreover, the sequence 
{(Xj)j>o is always increasing, has = 1, and 

{Vj, a) = 1 iff X is a Enoki surface , 
linij^oo ctj = oo iff X is not a Enoki surface . 

Proof. Wc determine the coefficient a], of [Cj+fc] by induction on A; > such that we 
have the congruence 

fc 

(9) Ci = ^aj[Ci+j] modulo classes ej , j > k . 

3=0 

For A; = we use formula (7) to obtain 

Si 

[Ci] = Cj — ^^ej+j = Cj mod classes ej+j , j > , 

so we get a well-defined solution = 1. 

Suppose now that the development is determined till fc G N so that 

ei = Y^a][Ci+j] = ^a}(ei+j -'^Ci+j+i) mod classes Ci+j , j > k . 

3=0 j=0 1=1 

We define = { j e {0, . . . , fc} | i+j + l<i + k + l<i+j + Si+j}. With this 
notation we obtain a well defined solution 

(10) 4+1= E 

which guarantees the congruence (9) for fc + 1. 

We prove now that the obtained sequence (a*)jgN is increasing as claimed. Since 
for any Z G Z it holds I + 1 < I + si, we have fc + 1 € J^. Therefore a], intervenes in the 
decomposition (10), so al._^_^ > a].. 

If X is an Enoki surface, then ai+j = 1 for every j > as we have seen in Example 
4.3. If X is not an Enoki surface there is at least one curve Cj+j such that Cf+j < —3, 
hence, using again formula (7) we see that appears in the decompositions of the 

curves Cj+j and C^+j+i, hence j, j + 1 G J]+2 ^^'^ ^ otj + ctj+i > otj+i- Since 
the configuration of the curves in X is periodic, we have C^j^^j^j.^ = Cf_^_j < —3 for 
every fc G N, so aj+kn+2 > ctj+kn+i, which proves the result. □ 

Remark 4.7. The decomposition Cj = X]j>o '^M^^+jl ff*'"^^ Proposition 4.6 is the 
only decomposition of the image ofci in H^^(X ,1,) as the sum of a series - bounded 
towards the pseudo-convex end - of classes of compact curves. 

Proof. Indeed, it suffices to see that if a sum J2i>k '^jfCi] vanishes in H2^{X, Z), then 
all coefficients vanish. This follows easily using the Poincare duality isomorphism 
PD : iJ^'^(X,Z)^^ iJ^(X,Z). Using the geometric interpretation of the Poincare 
duality in terms of intersection numbers we get 

= {PD{Y^ai[Ci]),ek) = -ak . 

i>k 

By induction we get = for alH > fc. □ 
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Note that for an Enoki surface X the classes [(7,] are Unearly independent in H2{X, Z), 

Let now p : X ^ B he a holomorphic family of GSS surfaces and let 
e = {eb)beB e H\B,H2) , e = {eb)beB e H^B,^^) 

be families of homology classes as in the first extension theorem Theorem 3.1. 

Our goal now is to identiiy explicitly the effective divisor Eb^ for bo € He- As we 
explain in the introduction this divisor is interesting because it can be written as a 
limit of simply exceptional divisors Eb„ for a sequence bn ^ bo, bn € Be- 

We suppose for simplicity that Xb^ is minimal because, if not, we can blow down the 
exceptional divisors in Xb^ (and their deformations in Xb for b around 6o) and reduce 
the problem to the case of a minimal central fiber. 

Theorem 4.8. Under the assumptions and with the notations above, the effective 
divisor Ebg is the sum of the infinite series J2j>o'^]^i+j i?*^en by Proposition 4-6- 

Proof- Our extension theorem yields a divisor £ C X flat over B whose fiber over bo 
is Ebg, so the class defined by Eb in Borel-Moore homology is for any b G B. The 
result follows directly from Remark 4.7 and Lemma 4.9 below. □ 

Lemma 4.9. Let X be a GSS surface with 62 (X) > and a : X ^ X its universal 
cover- Then X does not contain any irreducible non-compact 1-dimensional analytic 
subset bounded towards the pseudo-convex end- 
Proof. Suppose that there exists such a subspace S C X. We can suppose that X 
is minimal and was identified with X{Il,a) as explained above. Since S is bounded 
towards the pseudo-convex end we can find k sufiiciently large such that S does not 
intersect the closure of Xk- 

We have a natural surjective holomorphic map qk ■ X ^ Xk which contracts all 
compact curves Ci for Z > A; to a point Ok G Xk (the center of ball -B^_„jfc j involved 

in the construction of Xk) and defines a biholomorphism 

X\\JCi^ Xk\ {Ok} 

l>k 

(see [4]). Since S does not intersect the closure oiXk the image 5*0 := qk{S) is contained 
in the complement of this closure in Xk, which is the open ball B^_^^ky 

But then So\{Ok} is a closed 1-dimensional subspace of a punctured open 2-ball, 
so its closure in this ball will be a closed 1-dimensional subspace of the ball, by the 
second Remmert-Stein theorem. This extension would be compact, which is of course 
impossible. 

□ 
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INFINITE BUBBLING IN NON-KAHLERIAN GEOMETRY 

GEORGES DLOUSSKY AND ANDREI TELEMAN 

Abstract. In a holomorphic family (Xi,)f,gs of non-Kahlcrian compact manifolds, 
the holomorphic curves representing a fixed 2-homology class do not form a proper 
family in general. The deep source of this fundamental difficulty in non-Kahler 
geometry is the explosion of the area phenomenon: the area of a curve Ci, C Xi, 
in a fixed 2-homology class can diverge as b bg. This phenomenon occurs 
frequently in the deformation theory of class VII surfaces. For instance it is well 
known that any minimal GSS surface Xg is a degeneration of a 1-parameter family 
of simply blown up primary Hopf surfaces (^z)z6D\{o}i so one obtains non-proper 
families of exceptional divisors C X^ whose area diverge as z — >■ 0. Our main 
goal is to study in detail this non-properness phenomenon in the case of class VII 
surfaces. We will prove that, under certain technical assumptions, a lift Ez of E^ 
in the universal cover Xz does converge to an effective divisor Eq in Xq, but this 
limit divisor is not compact. We prove that this limit divisor is always bounded 
towards the pseudo-convex end of Xq and that, when Xq is a minimal surface with 
global spherical shell, it is given by an infinite series of compact rational curves, 
whose coefficients can be computed explicitly. This phenomenon — degeneration 
of a family of compact curves to an infinite union of compact curves — should be 
called infinite bubbling. 

We believe that such a decomposition result holds for any family of class VII 
surfaces whose generic fiber is a blown up primary Hopf surface. This statement 
would have important consequences for the classification of class VII surfaces. 
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1. Introduction: What happens with the exceptional curves in a 
deformation of class vii surfaces? 

1.1. Properness properties in Kahlerian and symplectic geometry. We will 
use the following notation: for a complex manifold X and a class c € H2d{X,'L) we 
denote by B'^{X) the Barlet space [1] of d-cycles in X representing the class c. 

Let p : A" — > _B be a family of compact n-dimensional complex manifolds parameter- 
ized by a complex manifold B. In other words, p is a proper holomorphic submersion 
with connected fibers. We denote by i?™ the locally constant sheaves (coefficient 
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systems) on B which are associated with the presheaves B D U Hm{p~^{U), Z), re- 
spectively B ^ H"'{p-'^{U),Z). Note that the sheaf i£™ coincides with the m-th 
direct image -R™p*(Z) of the constant sheaf Z on X. We fix e = {eb)beB € H'^ {B , H_2d) ^ 
and we denote by B%{X) the relative Barlet cycle space associated with e. This space 
is a closed subspacc of the cycle space B{X) and, as a set, it coincides with the union 
yj^^B^'^'' i^b) ■ The obvious map 

B\p):B%{X)^B 

is holomorphic and its (reduced) fibers are precisely the spaces B'^'' {Xb). A fundamental 
consequence of Bishop compactness theorem states that in the Kahlerian framework 
the projection B^(p) : Bg{X) — > B is also proper. More precisely: 

Proposition 1.1. Let H he a Hermitian metric on X such that the restrictions to the 
fibers of the corresponding Kdhler form iljj € A^'^{X,M.) are all closed^. Then the map 
B^{p) : B%{X) B IS proper. 

Proof. The total space of the locally constant sheaf H^''' (g) R = E?'^p^{W) is a real 
vector bundle on B, and the assignment h i-> defines a smooth section x of 

this bundle. For a cycle C G B^''{Xb) one has 

vo1h(C)= / ni = {x{b),eb) . 
Jc 

Therefore the volume map vol^r : B%{X) — >• M>o can be written as B*^ {p)* {x, e) , so 
it is bounded on B^{p)~^{K) for every compact set K c D. It suffices to apply the 
relative-compactness criterion given by Theorem 1 of [1] . □ 

This properness result can be intuitively interpreted as follows: 

The cycles in a fixed homology class of a compact complex manifold Xf, cannot dis- 
appear as Xb tends to a limit compact Kdhler manifold Xb^ ■ 

The properness property has a particular signification in the case n = 2, = 1. Indeed, 
in this case the Barlet space B^{Xb) is just a moduli space of effective divisors represent- 
ing the class e, and this moduli space can be identified with the moduli space of Seiberg- 
Witten monopoles associated with the e-twisted canonical Spin^-structure of Xb and a 
suitable perturbation of the monopole equation (see [17], [11], [16]). Therefore, in this 
case, the properness property above is a consequence of the general properness prop- 
erty - with respect to the space of parameters ~ for moduli spaces of Seiberg-Witten 
monopoles, which is crucial for proving that Seiberg-Witten invariants are well-defined. 

A similar properness result - based on a version of Gromov compactness theorem 
- holds in symplectic geometry: let X B he a, proper smooth map with connected 
fibers in the differentiable category, suppose that is a smooth 2-form on X whose 
restrictions to the fibers tOb := ^\xi, symplectic forms (in particular closed), and 

consider a smooth family {Jb)beB of almost complex structures on the fibers, such that 
Jb is compatible with ojb for any b € B, and a section e — {eb)beB G H'^{B,H_2)- Let 
(f'n)neN* be a sequence in S \ {&o} converging to 6o and consider, for every n G N, an 
almost holomorphic map 

: (S,i„) -)■ {Xb„,Jb^) 



We can always construct such a Hermitian metric in a neighborhood of a fixed fiber Xi,^ if this 
fiber is Kahlerian. It suffices to consider a smooth family of Kahler metrics h\y on (using the 
openness property of the Kahler condition) for b close to 60, and to add the pull-back of a Hermitian 
metric on the base. 
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representing e^^ e H2{Xb^,Z), where jn is an almost holomorphic structure on a 
difFerentiablc closed surface S. Since the map b [oji,] S iJ^(Xf,,R) defines a smooth 
section in the vector bundle (8) K, we get a bound of the area sequence 

Therefore (using the terminology and the main result of [12]) there exists a subsequence 

(6„^) of {bn)neN such that that the sequence (Vnfe)feeN converges in the C^-topology 
to a cusp pseudo-holomorphic curve 

(f : UiY.1 ■ 

A similar convergence result can be proved for sequences of cusp curves. In other 
words, in symplectic geometry - as in Kahlerian geometry - pseudo-holomorphic curves 
representing a fixed homology class can degenerate, but they cannot disappear in a limit 
process. An important particular case is the one when j„ = j is independent of n. In 
this case it is known that the domain U^E; of the limit cusp curve is obtained from S 
by adding a union of bubble trees of 2-spheres. In particular, when = P""^, all the 

irreducible components of the limit cusp curve will be 2-spheres. 

These properness results and their natural generalizations for perturbed pseudo- 
holomorphic ciu-vcs. play a crucial role in proving that (different versions of) Gromov- 
Witten invariants are well-defined. 

For deformations of compact non-Kahlcrian manifolds the analogue properness re- 
sults do not hold. The properness property fails even in the cases when all cycle spaces 
B^{Xb) are compact. This is one of the main difficulties in non-Kahlerian geometry, 
which has dramatic consequences, for instance: in non-Kahlerian geometry one cannot 
use enumerative methods of curves to construct deformation invariants, and this even 
if one considers only moduli spaces of curves which are finite for all manifolds in the 
considered deformation class! In non-Kahlerian geometry holomorphic curves repre- 
senting a given homology class can disappear in a limit process, because the area of the 
curves in a given homology class is not a priori bounded, so it can explode to infinity 
when one approaches a fixed fiber X^^ . Probably the most convincing examples which 
illustrates this difficulty (and its dramatic consequences) appear in the deformation 
theory of class VII surfaces. 

1.2. Deformations of class VII surfaces. What happens with the exceptional 

curves? Let X be a class VII surface with 62 := 62 (X) > admitting a global spherical 
shell (a GSS), see section 4 for details. We will call such a surface a GSS surface. For 
such a surface one has tti {X, xq) ~ Z, and the universal cover X has two ends, a pseudo- 
convex end and a pseudo-concave end. Taking a non-separating strictly pseudo-convex 
embedded 3-sphere Y, C X, consider a lift Aof X\Y, in X and note that A is a compact 
surface bounded by two lifts of S to X; the pseudo-convex end of X corresponds to 
the pseudo-convex boundary component of A^. 

For such a surfaces one also has H2 {X, Z) ~ {X, Z) ~ , and the intersection 
form on this group is standard, i.e. there exists a basis (eg, ... , e^^-i) in H2{X, Z) such 
that e, • Bj = —6ij. Changing signs if necessary one can assume that 

b2-l 

-ci(X)=ci(/Cx)= Y^Si , 

i=0 

and the basis obtained in this way is unique up to order. 



Note that the terminology used here for the two ends of X is different from the one used in [4], 
but agrees with the terminology used in the theory of complete, non-compact complex manifolds. 
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By results of Kato and Dloussky it is well-known that any minimal GSS surface 

Xq is dcformablc in blown up primary Hopf surfaces. More precisely, there exists a 
holomorphic family A" — > D parametrized by the unit disk D C C having Xq as central 
fiber such that X^ ~ [H^jp^z) is biholomorphic to a primary Hopf surface H{z) blown 
up in a finite set of simple points P{z) = {po(z), . . . ,ph2~i{z)}. Therefore, for any 
2^0, the fiber X^ has 62 exceptional curves £^0,2; ■ ■ ■ , ■£'62-1,2 representing the classes 
Cj. On the other hand the central fiber Xq is minimal hence, by a result of Nakamura 
(see [10], Lemma 1.1.3] ), it does not admit any effective divisor at all representing a 
class Ci. This shows that the rational curve Ei^^ has no limit at all as 2; — >■ 0, even if 
one admits cusp curves (and bubbling trees) in the limit process. 

Note that, for z 7^ 0, the exceptional curve Ei^z is a regular point in the moduli 
space of divisors representing the class Cj on Xz, so if one tries to define a Gromov- 
Witten type "invariant" of Xz by counting the rational curves in this homology class, 
the result will be 1. But the same "invariant" will be for Xq- 

Similar phenomena appear for deformations of minimal GSS surfaces. For instance, 
there exists a family X ^ D of minimal GSS surfaces with 62 = 1 whose generic fiber 
Xz {z ^ 0) has only one irreducible curve Cz, which is homologically trivial, whereas 
Xq has only one irreducible curve D, which represents the class — eo. In this family all 
curves are singular rational curves with a simple node. In both cases one can study 
explicitly the evolution of the area of the curves Ei^z, Cz and see that their area tends 
to infinity as 2 — )■ 0. 

The conclusion is clear: one cannot hope to define deformation invariants for class 

VII surfaces by counting holomorphic curves in a given homology class. This is one of 
the major difficulties in the classification of class VII surfaces, because the structure of 
curves on these surfaces is related to the fundamental classification problem. Indeed, 

by the main result of [6] one knows that the global spherical conjecture (which, if true, 
would complete the classification of class VII surfaces) reduces to the conjecture: 

C: Any minim,al class VII surface X with b2{X) > has b2{X) rational curves. 

Therefore, proving existence of curves is a fundamental problem in the theory of class 
VII surfaces. Unfortunately the examples above show that one cannot hope to prove 
such existence rcsiilts using invariants of Gromov-Witten type. Note however that, 
taking into account this difficulty (the lack of Gromov-Witten type invariants), the 
conjecture above becomes quite intriguing. Indeed, this conjecture (which is true for 
all GSS surfaces) implies that the total number of rational curves is an invariant for 
class VII surfaces, although this invariant cannot be obtained as the sum of Gromov- 
Witten type invariants defined for individual homology classes (because, as we have 
just seen, the number of rational curves in an individual class is not an invariant). 
In other words, although the homology classes represented by rational curves change 
in a holomorphic family, the total number of rational curves remains always constant 
in deformations of known class VII surfaces. In particular, when (in a limit process) 
a homology class loses a rational curve, there should be always another class which 
gets one. This "global compensation phenomenon" between different moduli spaces 
of rational curves is not rmdcrstood yet, so conjecture C is not known yet even for 
surfaces which are degenerations of the known GSS surfaces. 

Although the cause of the "curve vanishing " (non-properness) phenomenon is clear 
- explosion of the area in the limit process - one can still wonder when contemplating 
the first family described above: 

"What happens with the exceptional curves Ei^z when z ^ 0?" 

The authors have many times been asked this question when they gave talks on class 
VII surfaces in the past. The easy answer we have always given 
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"They just disappear, because their area explodes", 

although perfectly correct, has never seemed to fully satisfy the audience. There- 
fore wc decided to investigate in detail this phenomenon trying to understand what 
happens geometrically with the exceptional curve Ei^^ as it gets bigger and bigger. 

We came to the idea of an "infinite bubbling tree" empirically, when the second 
author noticed that recent results of the first author [5] have an intriguing consequence: 
Although for a minimal GSS surface Xq the homology class is not represented by 
an effective divisor (as we saw above), any of its lifts Cj in the universal cover Xq is 
represented in the homology with closed supports by an infinite series of compact 
curves. Moreover, in every case we obtained a well defined series representing the given 
lift, and we saw that always this series escapes to infinity towards the pseudo-concave 
end of Xq. Therefore we came to idea to prove that (although Ei^z accumidates to 
the whole Xo as z — > by the Remmert- Stein theorem) a fixed lift Ei,z of Ei,z in the 
universal covering Xz of Xz behaves in a controllable way as z — > 0, namely that 

Theorem 1.2. The family of rational curves {Ei^z)zeD\{o} fits in a flat family £i of 
effective divisors over the whole base D. In particular this family has a limit as z ^ 0, 
which is given by an infinite series of compact curves which escapes to infinity towards 

the pseudo-concave end of Xq. 

The main purpose of this article is to prove this result. More precisely we will prove 
that the limit given by the theorem is precisely the series representing Cj we discovered 
empirically. We called this phenomenon "infinite bubbling", and wc believe that this 
happens in all deformations of class VII surfaces when area explosion occurs. In fact 
we will prove a more general result: 

Theorem 1.3. Let X ^ A be any holomorphic family of GSS surfaces with > 0, 

parameterized by the standard ball A C C . Then for any lift of a homology class 
to the universal cover X , there exists an effective divisor £i C X flat over A such that 

(1) The fiber Ei^z C Xz of £i over a point z ^ IS. is a lift of the exceptional curve 
Ei representing e^, for every ^; G A for which X^ contains such an exceptional 
curve. 

(2) // Xz does not admit any exceptional effective divisor in the class Ci then the 
corresponding fiber Ei^z of Si is a series of compact curves which escapes to 

infinity towards the pseudo-concave end of Xz. This divisor represents the 
image of the class ei in the Borel-Moore homology group i/^^'' (X, Z) . 

Finally, we can generalize this result for deformations of an unknown minimal class 
VII surface which can be deformed in GSS surfaces: 

Theorem 1.4. Let X ^ JS. be a holomorphic family such that Xz is a GSS surface 

with 62 > for any z G A \ A, where ^4 C A is am. analytic subset of codimension > 2. 
and Xa is minimal for every a (z A. Then for any lift Ci of a homology class Ci to the 
universal cover X, there exists an effective divisor £i C X flat over A such that the 
fiber Ei^z C Xz of £i over a point z G A has the properties: 

(1) it represents the image of the class Ci in the Borel-Moore homology group 
Hf^{X,Z) for every ze A, 

(2) is a lift of the exceptional curve Ei representing Ci, for every z € A for which 
Xz contains such an exceptional curve. 

Unfortunately we did not succeed to prove that the second statement of Theorem 
1.3 also holds in this case, so we cannot prove that, for a G A, the limit divisor Ei^a is 
given by a series of compact curves. The difficulty is to rule out the appearance of an 
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open Riemann surface in the limit. Such a result would be of crucial importance for the 

classification of class VII surfaces, because it will prove the main conjecture C for any 
class VII surface which fits as the central fiber of a bidimensional family A" — >■ A C 
whose fibers X^, z ^0 are GSS surfaces (see Theorem 4.10). 

2. The non-minimality divisors 

A compact effective divisor D on a (non-necessary compact) complex surface X 
will be called simply exceptional if there exists a smooth surface Y, a point y ^ Y, 
and a surjective holomorphic map c : X ^ Y such that c^x\d ■ X \ D ^ Y \ {y} is 
biholomorphic, and the fiber c~^{y) over y is D (regarded as a complex subspace of X). 
If this is the case, the pair {X, D) can be obtained from Y by iterated blowing up at y. 
More precisely {X, D) is the last term (X„, £)„) in a sequence {X\, Di), . . . , (X„, D„) 
(n > 1), where 

• Xi is the blow up of y at y and Di is the corresponding exceptional divisor, 

• Xk is obtained from Xk-\ by blowing up at a point yk-i € -Dfc-i for 2 < fc < n, 
and Dk is the pre-image of D^-i in Xk- 

Therefore D is the pre-image in X„ of the exceptional curve of first kind Di C Xi , 
and it is a tree of smooth rational curves containing at least one exceptional curve of 
the first kind. 

Remark 2.1. For simply exceptional divisor D c X one has 

{D,Kx) = {D,Md/x) = -1 ■ 
Using the duality isomorphism PD : H2 {X, Z) ~ (X, Z) we have 

:= {PD{[D]),[D]) = -1. 

Since the arithmetic genus ga{D) vanishes, one obtains h^{OD{D)) — h^iOoiD)) = 
by Riemann- Roch theorem for embedded curves ([2], p. 65). Therefore, since 
Aegu{OD{D)) = -1< 0, we get 

h\OD{D)) = h\OD{D))=0 , 

so, denoting by e G H2{X,'Z) the homology class represented by D, it follows that 
the Douady space Vou'^^X) of compact effective divisors representing this class is 0- 
dimensional at D, and D is a smooth point in this space (see [3] p. 135). 

Remark 2.2. Let X he a compact surface and D, E simple exceptional divisors rep- 
resenting the same rational homology class e e H2{X, Q). Then D = E. 

Proof. {X, D) is the last term (X„, Z)„) of a sequence of pairs {Xi, Di), . . . , (X„, D„) 
obtained from {Y,y) as above. We prove the statement by induction on n. If n = 1, 
D is an exceptional curve of the first kind. Since DE = —1, it follows that D is one 
of the irreducible components of E. But the Q-homology classes of the irreducible 
components of a simply exceptional divisor are linearly independent, so one can have 
[D]q = [E]q if and only if D = E. 

If n > 1, let D' be the exceptional curve of the first kind of the blowing up Xn — > 
Xn-i- One has obviously D'D = 0, so D'E = 0. Therefore either D' is an irreducible 
component of E, ot D' Pi E = 0. In both cases the direct images (p„)*(I?), {pn)*{E) 
via the contraction map p„ : Xn — > Xn-i arc simply exceptional divisor in the rational 
homology class (p„)*(e), so they coincide by induction assumption. On the other hand 
one can write D = p;((p„)*(Z))), E = p;((p„), (£;)), so D = E. □ 

The condition "X admits a simply exceptional effective divisor D" is open with 
respect to deformations of X. More precisely: 
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Proposition 2.3. Let p : X ^ B be a holomorphic submersion with dim {X) = 

dim (B) + 2. Let Dq C Xtg be a simply exceptional divisor, and e G H2{X,'Z) its 
hom,ology class in X. There exists a neighborhood U of Dq in T>ou'^{X) such that 

(1) for every D gU, p{D) is a singleton denoted {p{D)} in B and D is a tree of 
rational curves in Xp(£)) , 

(2) the induced map p :14 ^ B is a local biholomorphism at Dq, 

(3) D is simply exceptional in Xp(D) for every D &U 

Proof. Let V C B B.n open neighborhood of 6o which is the domain of a chart, and 
V C T>ou^{X) the neighborhood of in 'Dou'^{X) consisting of 1-dimcnsional complex 
subspaces of X which represent the class e and are contained in p~^{y). 

For every £> e V the projection p{D) C V is a finite union of points. On the other 
hand it's easy to see that any small flat deformation of a tree of smooth rational curves 
is again a tree of smooth rational curves, in particular it is connected. Therefore, re- 
placing V by a smaller neighborhood if necessary, the conclusion (1) will be fulflUed. 

The normal bundle Mx{Do) of in X fits in a short exact sequence on Dq: 

^ A6f,„ {Dq) = Od„{Dq) ^ Afx{DQ) ^ Do X Tb„(B) ^ . 

Since h\ODo{DQ)) = h^Ooo) = wc obtain 

H°iAf;,iDQ))=n„iB) , ifi(A6t(i^o)) = {0} . 

This shows that 'Dou'^{X) is smooth at Dq and the projection on B defined by p is a 
local biholomorphism at Dq. This proves (2). Let W C V be an open neighborhood of 
Do on which p is biholomorphic, and put U := p(U) C B. We obtain a holomorphic 
family of trees of rational curves {Db)beu with Dhg — Dq. 

The third statement can be proved by induction with respect to the number m of 
irreducible components of Do. Consider an irreducible component Dm of Do which is 
an exceptional curve of the first kind. Dm is itself a simply exceptional divisor, so the 
statements (1), (2) apply to Dm, and, taking U and U sufficiently small, we obtain a 
holomorphic family 

{Dm,b)beU , Dm,b C Xb 

of simply exceptional divisors. But, by the stability theorem of Kodaira, any small 
deformation of an exceptional curve of the first kind is again an exceptional curve of 
the first kind, so we may assume that all Dm,b are all exceptional curves of the first 
kind. This proves the statement when m = 1. Suppose m > 1. Contracting in Xj, the 
curve Dm,b to a point yi, for every b € B, we obtain a commutative diagram 

Xu ^ y 

Pu\ i/s 
U 

where tt is proper and bimeromorphic whose restriction to any fiber Xi, is just the 
blowing down map TTb : X;, — > Yh which contracts Dm,b C Xt to yb. Let V, Vm C Xu 
be the classifying divisors of the famihes {Db)beu, {Dm,b)beu- Supposing U connected, 
we see that T>m is irreducible. One has (I?nl?m) flXb^ = Dm,bo, so (since we supposed 
m > 1) one has V ^ Vm- Let V be the divisor which coincides with D if Vm 't ^ 
and is obtained from V by removing the Vm if 'Dm C V. The projection on y of 
every irreducible component of V is reduced and irreducible of codimension 1, so 
V" = n{V') is an eff'ective divisor of y. Any fiber D^ of this divisor over a point 
6 G J7 is an effective divisor of Yb (more precisely a tree of rational curves in Yb) so 
V" is fiat over U by Lemma 2.4 below. By induction assumption all fibers D^' are 
simply exceptional divisors. Note now that D(, is the pre-image 7rJ(D^') of D^' in Xb- 
Therefore D(, will be simply exceptional, too. □ 
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Lemma 2.4. Let p : X ^ B be a submersion of complex manifolds with dim (X) = n, 

dim (B) = m. Let V (Z X be an effective divisor such that VClXi, is a (possibly empty) 
effective divisor of the fiber Xh for every b ^ B. Then T> is flat over B . 

Proof. Let x and let : i7 — C be a local equation for V around x, i.e. U is an open 
neighborhood of a; in A* and VflU = Z{(p). Consider the map tp := {p,(p) : U BxC, 
and note that the fiber ijj~^{ip{x)) of this map can be identified with VCiU Ci Xp(^^ so 
the dimension at x of this fiber has minimal value n — m — 1 . By the fiber dimension 
semicontinuity theorem we see that, replacing U with a smaller open neighborhood 
if necessary, we may assume that dim ^ V'~"'^(V-'(0) = n — m — 1 for every ^ G 17. 
Therefore ip will be fiat by the flatness criterion given by the Corollary on p. 158 in 
[8]. Now we apply the base change property of the flat morphisms to the base change 
B 9 6 (6, 0) G B X C and we get that VnU is flat over B. □ 

For a holomorphic family X ^ B oi compact complex surfaces we will denote by 
k = {ki,)i,(zB G H^{B,II_^) the section defined by the classes kb := Ci(/Cxb), b € B. 

Corollary 2.5. Let X ^ B be a holomorphic family of compact complex surfaces, and 
let e = {eb)beB € H^{B,H_2) that {e,k) = —1 and e • e = — 1 with respect to the 
intersection form induced from any H2{Xb, Z). Then the subset 

Be := {b G B\ Xb admits a simply exceptional divisor representing the class Cb} C B 

is open with respect to the classical topology. 

Lemma 2.6. Let S be a class VII surface and let C be an effective divisor in X with 

C2 = (C,/Cs) = -l . 

Then C ~ E + V , where E is a simply exceptional divisor, p > 0, and T = f*T' is 
the pre-im,age of a homologically trivial effective divisor V C S' via the contraction 
f : S S' to the minimal model. 

Proof. If the minimal model of S is an Inoue surface S' with b2{S') = 0, the result 
is clear, because an Inoue surface with 62 = docs not contain any curve. Therefore 
we shall suppose that the minimal model is a Hopf surface or a minimal class VII 
surface with 62 > 0. Let C = X^I^i ^iC'i {ni > 0) be the decomposition of C as linear 
combination of irreducible components. We prove the result by induction on the sum 
ac ■= '^j ^ 1- If = 1, then C = Ci is irreducible with = (C, fCs) = —1, so 

it is an exceptional curve of the first kind by Proposition 2.2 in [2]. 
Suppose now crc > 2. We have 

i 

hence there exists an index j such that {Cj,ICs) < 0- Since the intersection form of a 
class VII surface is negative definite, one has C| < 0, with equality if and only if Cj 
is homologically trivial. This would contradict {Cj,ICs) < 0, so necessary C? < 0. By 
Proposition 2.2 in [2] again it follows that Cj is an exceptional curve of the first kind. 

Case 1. The homology classes [C]q, [C^Jq coincide in H2{S,Q). In this case the 
effective divisor F := C — Cj is Q-homologically trivial. Therefore the effective divisor 
r' := /^r) c S' is Q-homologically trivial, too. We can write T = f*{V') + F, where 
F is an effective divisor contained in the exceptional divisor of the contraction map /. 
But F must be also Q-homologically trivial, so it is empty. This shows that F = /*(F'), 
where F' is a Q-homologically trivial effective divisor in the minimal model S'. But, 
using Enoki's theorem concerning the classification of class VII surfaces admitting a 
numerically trivial divisor, it follows that on such a surface any Q-homologically trivial 
effective divisor is homologically trivial. 

Case 2. The homology classes [C]q, [Cj]q are different. We contract the exceptional 



INFINITE BUBBLING IN NON-KAHLERIAN GEOMETRY 



9 



curve Cj obtaining a blowing down map g : S ^ Sq. The homology group H2{S,Z) 
has a decomposition 

H2{S,Z) = Z[Cj]®H^ , 

which is orthogonal with respect to the intersection form qs of 5, and induces an 
isomorphism 

(1) (g^,gs|H^xg^) ""^""^ iH2iSo,Z),qs„) 
Since the rational intersection form is negative definite, we have 

(2) < \CCj\ = \q^i[CU, [CjW)\ < - C|) = 1 , 

with equality if and only if [C]r, [Cj]^ are colinear. But since these classes belong 
to the lattice im(i?2(5',Z) ->■ H2{S,R)) and {Cj,Ks) = {C,ICs) = -1, the colinearity 
condition implies [C]r = [Cj]u, which cannot hold in our case. Therefore the inequality 
(2) implies CCj = 0, i.e. [C] G H^. Using the isomorphism (1) we see that g*{CY = 
= -1. On the other hand K-s = g*(/CsJ(Cj ), so 

-1 = iClCs) - (C,.g*(/Cso)(Q)) = CC, + {C,g*ilCs„)) = (.9*(C),/C5o) . 

This shows that the effective divisor Co g*{C) of 5*0 satisfies the conditions 

Co = (Co,/C5„) = -1 . 

Since gcq < we can apply the induction assumption to Co. Note that C = g*{Co). 
To see this it suffices to see that 

- they differ by a multiple of Cj . 

- the corresponding homology classes coincide, because they belong to H-^ and 
have the same image via g^,. 

By induction assumption we know that Co decomposes as Cq = i?o + /o (ro)j where 
fo '■ So ^ S" is the contraction to the minimal model of 5*0 (which is also the minimal 
model of S), and Fq is a homologically trivial divisor in Sq. Using the equality C = 
fif*(Co), we get C = g*{Eo) + g'*(/o (Fo)). It suffices to note that g*{Eo) is a simply 
exceptional divisor. □ 

The minimal class VII surfaces admitting a (non-empty) homologically trivial effec- 
tive divisor F are classified [7], we can describe explicitly the second term /*(F) in the 
decomposition given by Lemma 2.6. 

Remark 2.7. If F is a (non-empty) homologically trivial effective divisor on a minimal 
class VII surface X, then the pair {X, F) is one of the following: 

(1) X is an elliptic Hopf surface and F = X^f^^ njC,, where n, > 0, Y^^^i rij > 
and Ci are elliptic curves, 

(2) X is a Hopf surface with two elliptic curves C\, C2, and F = mCi +n2C2 with 
Ui > 0, ni + n2 > 0, 

(3) X is a Hopf surface with an elliptic curve C and F = nC with n > 0, 

(4) X is an Enoki surface and F = nC, where n > and C C X is a cycle of 
rational curves. 

Lemma 2.8. Let X ^ B he a holomorphic family of class VII surfaces, let e = 
ieb)beB e H°{B,H^), bo € B and{hn) n^w a sequence in B converging to ho- Consider, 
for every n e N*, a simply exceptional divisor Dn C Xh^ in the class e^^ e H2{Xb^,Z) 
such that the sequence (Dn)neN* converges in B%{X) to a 1-cycle Do C X^^. Then 

(1) The limit cycle Do is a simply exceptional divisor in X^^. 

(2) Regarding Dn, -Do as complex suhspaces of X , one has lim„_i.oo -D„ — Do in 
the Douady space T>ou{X). 



10 



GEORGES DLOUSSKY AND ANDREI TELEMAN 



Proof. By Lemma 2.6 we see that Dq decomposes as Dq = Eq + /o(ro), where Eq 
is a simply exceptional divisor in the class e, /o : is the contraction to 

the minimal model, and Fq is a homologically trivial effective divisor in X^^. By 
Proposition 2.3 there exists an open neighborhood U of Eq in 'Dou{X) such that every 
element _E S £ is a simply exceptional divisor in the fiber -^p(D) where p : — > C/ is 
a biholomorphism on an open neighborhood U of 6o. For sufficiently large n one has 
bn &U we obtain a simply exceptional divisor En := p~^(6„) in Xi,„, and obviously 

lim E„ = Eo 

n— >-oo 

in the Douady space Vou{X), so also in the Barlet space B%{X). But, for every n G N*, 
£)„ and i?„ are simply exceptional divisors representing the same homology class, so by 
Remark 2.2 we have £>„ = En for any n € N*. But the Barlet cycle-space is Hausdorff 
so, since the limit of a convergent sequence in a Hausdorff space is unique, Dq = Eq. 
This shows that is a simply exceptional divisor, and the that Wmn^oo Dn = Dq 
also holds in the Doiiady space. □ 

Let p : X ^ B he a, deformation of class VII surfaces parameterized by a complex 
manifold B. Let again k S H^{B,H^) be the element defined by the family of Chern 
classes kf, := ci{)Cxb)j b € B. Using the exponential short exact sequence 

on X, the vanishing of the cohomology groups H^{Xb,Oxh) we obtain the exact se- 
quence of sheaves on B 

(3) ^ Rh*{Ox)l^^ _^ Rh*{0*x) -^H^^O. 

The quotient sheaf on the left (respectively the sheaf in the middle) is the sheaf of holo- 
morphic sections in a locally trivial complex Lie group fiber bundle Pic° (respectively 
Pic) over B whose fiber over 6 e B is Pic°(X(,) (respectively Pic(X6)). 

On a class VII surface the canonical morphism H^{X, C) ~> H^{X, O) is an isomor- 
phism, so R^ps,{Ox) can be identified with H}®Ob- It is easy to see that the sheaf 
(which is obviously locally constant with fiber isomorphic to Z) is in fact constant; it suf- 
fices to sec that the degree maps associated with a smooth family of Gauduchon metrics 
on the fibers define canonical orientations of the real lines H^{Xi,, IR.>o) C H^{X},, C*), 
so canonical orientations of the lines H^{Xi„R), so canonical generators of the infinite 
cyclic groups H^{Xi,, Z). Therefore the complex Lie group bundle Pic° is in fact trivial 
with fiber C*. It is convenient to choose a trivialization =(</>;,: C* —>■ Pic^{Xb))beB 
of this fiber bundle such that for every b G B one has 

limdeg{(l)b{z)) = 00 

with respect to a Gauduchon metric on a fiber Xb- 

For every section c G H'^{B, HJ) we obtain a subbundle Pic^ of Pic, which becomes a 
principal C*-bundle via the chosen trivialization cj) : BxC* — >■ Pic°. The associated line 
bundle on B can be obtained by adding formally to Pic'^ a zero section {0^1 b £ B}, 
such that for every b G B one has 

VA e Pic'^" {Xb) lim (t)b{z) (g) A = 0^ . 

2— >0 

Theorem 2.9. Let e = {eb)b£B & H^{B,H_2) such that = (e, fc) = —1, and let Be 
be the open subset of B consisting of points b for which Xb admits a simply exceptional 
divisor E^ in the class Cb- If B^^^ then 

(1) There exists an effective divisor £q C p~^{Bf.) flat over B^ whose fiber over a 

point b G Be is Eb- 

(2) The map Oe Be ^ defined by b ^ \Px^iEh)\ extends to a holomorphic 
section Sg of the line bundle over B. 
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(3) One has = B\Z{se), where Z{-) stands for the vanishing locus of a section. 
In particular, the complement of Eg is a divisor := Z{se), so is Zariski 

open. 

Proof. Using Remark 2.2 and Proposition 2.3 we sec that the map 

Be3 Eb e Vou{X) 

is well-defined and holomorphic. The first statement follows now from the universal 
property of the Douady space. 

Let {gb)beB be a smooth family of Gauduchon metrics on the fibers Xi, normed such 
that for every b G B it holds deg^^ {(f)h{z)) — — log \z\. The map [0, oo) given by 

Pic'=(X5) 3 [C] ^ e-'^^s^C^) , Ob ^ 

defines a norm || • || on the holomorphic line bundle V on B. We claim 

Claim: For every bo (z Be\ Bg one has limb_j.fcj, ||(Te(&)|| =0. 

Indeed, if not, there exists a sequence {bn)nen' in -Be converging to bo and e > such 
that ||c7e(&n)|| > e for every n G N*. This implies that the sequence 

i'^^SgbJ(^e{bn)))nen' = (volg,^ ))„eN' 

is bounded, so there exists a subsequence of {Eb^)nQn* converging in the Barlet space 
B%{X) [1]. By Lemma 2.8 the limit divisor Eq in X^^ will be simply exceptional, so 
bo & Be, which contradicts the choice of bo- This proves the claim. 



We define now a section : B — > 7^® by 

ae{b) if be Be 



se{b) := 



06 if b^Be 



Using the claim proved above we see that is continuous. The first statement of the 
theorem follows now from Rado's theorem, and the second follows from the first and 
the explicit construction of the section Sg- □ 

Remark 2.10. The functor which associates to a pair {p : X ^ B,e) consisting of a 
holomorphic family of class VII surfaces and a section e = {eb)beB G H^{B,H^2) w*^'* 

= (e,fc) = -1 

the (possibly empty) effective divisor He C B, commutes with base change. Therefore 
this functor should be interpreted as an effective Cartier divisor in the moduli stack 
classifying pairs {X,r]) consisting of a class VII surface X and a class r] G Il2{X,Z) 
with T]^ = {ri,fCx} = — 1- 

Remark 2.11. The underlying codimension 1 analytic set ^e C B associated with Hg 
coincides with the hypersurface defined by Dloussky in [5]. 

3. Extension theorems 

Let p : A" — !> _B be a holomorphic family of class VII surfaces. Using the notations and 
the definitions introduced in the previous section, fix a section e = {eb)beB € (B, Jfo) 
such that = {e,k) = —1, and let Se := B\He C B the associated Zariski open 
subset (see Theorem 2.9). We know that He is the vanishing divisor of a holomorphic 
section Se G H^{B,V^), which on Be is given by 6 [Ox^iEb)], Eb being the unique 
simply exceptional divisor on Xb representing the class Cb- 

As we explained in the introduction the fundamental problem studied in this article 
is the evolution of the divisor Eb as b tends to a point bo G i?e- Since the volume of Eb 
with respect to a smooth family of Gauduchon metrics on the fibers tends to infinity 
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as 6 — )• 6o) we cannot expect to understand this evolution using standard complex 
geometric tools applied to the given family. 

In this section we will prove that, under certain assumptions, a lift Eb of in the 
universal cover Xb of Xb does have a limit as b bo, and this limit is a non-compact 
divisor of Xbo- Moreover, the family {Eb)b&B extends to a flat family of divisors over 
the whole base B. We can prove this type of extensions results under two types of 
assumptions. First we will assume that all the fibers Xb are class VII surfaces with the 
topological type of class VII surfaces having a non-separating strictly pseudo-convex 
embedded 3-sphere; second we will suppose that the subset Bq c B consisting of points 
b for which Xb is an unknown class VII surface is contained in an analytic subset of 
codimension > 2. 

The diff'eomorphism type of a GSS surface with 62 = n is {S^ x S^)^nF^, so if the 
GSS conjecture was true this would be the diffeomorphism type of any minimal class 
VII surface with 62 = n > 0. Moreover, by a result of Nakamura [9], any minimal 
class VII surface with 62 = > containing a cycle of curves is a degeneration ("big 
deformation") of a family of blown up primary Hopf surfaces, so it also has the diffeo- 
morphism type of a GSS surface. By the results of [14], [15] every minimal class VII 
surface with 62 € {1, 2} does contain a cycle, so by Nakamura's result, it has the same 
diffeomorphism type. Therefore, studying class VII surfaces with the diffeomorphism 
(or, more generally, homeomorphism) type {S^ x S''^)#nP^, and studying deformations 
of such surfaces, is an important problem. 

In general, if M is a topological 4-manifold M with this topological type, then every 
2-homology class e G H2 (M, Z) is represented by an embedded surface with simply 
connected components, in particular it lifts to H2{M,Z). More precisely, H2{M,Z) 
is naturally an n-dimcnsional free Z[F]-module, where F stands for the multiplicative 
group AutM(-M") = {/''I A; G Z} ~ Z, and the quotient 



is naturally isomorphic to H2{M, Z). Here Z is regarded as a Z[F]-algebra via the trace 
morphism 



and (id - /) stands for the ideal (id - /) = (id - /)Z[F] C Z[F] generated by id - /. 

Let p : M ^ B he a locally trivial topological fiber bundle with {S^ x 5'^)#nP^ as 
fiber and 2-connected basis B, a : A4 ^ M. the universal cover of the total space, and 
p p o a : Ai ^ B the induced fiber bundle. Since B is 2-connected, the homotopy 
long exact sequence associated with the locally trivial fiber bundle p shows that the 
fiber embedding tb : M(, M- A4 induces an isomorphism -jT-i{Mb,m) 7ri(A^,m), so 
the induced projection at : Mb Mb is a universal cover of the fiber Mb for every 
m £ Mb- Note also that the assumption "B is 2-connected" implies that the locally 

constant sheaves IF on B are constant, for every z £ N. Denoting by H_ the 
corresponding sheaves associated with the fiber bundle p we obtain sheaf epimorphisms 

— > _ff j and sheaf monomorphisms W ^ IL defined by the morphism sequences 
{o-b*)beB, {al)b^B- ^ 

We denote by / a generator of Aut^(A^) and by the induced generator of 
AutM|,(Af5)- With these notations we obtain, for any b € B, a commutative diagram 
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with horizontal short exact sequences: 

0^ {id-fb)H2(Mb,Z) ^ H2{Mt„Z) ^ H2iMt„Z) ^0 

•^r-w' -^f^ -^f^ 

0^ {id- f)H^{B,H^) ^ H<'{B,H2) ^ H\B,H2) ^0 

Let X be a class VII surface with topological type [S^ x S^)i^nF'^ and S a strictly 
pseudo-convex non-separating embedded 3-spherc in X. A lift S of E to X separates 
X in two manifolds with common boundary E, so we can define the pseudo-convex 
and pseudo-concave ends of X as in the case of GSS surfaces (see section 1.2): the 
pseudo-convex end of X is the end defined by the connected component of X \ E whose 
closure has strictly pseudo-concave boundary. One can prove that this labeling of the 
ends is coherent, i.e. independent of the choice of E and E. 

Theorem 3.1. (first extension theorem) Let p : X ^ B he a holomorphic family of 
class VII surfaces with 2-connected basis B, such that every fiber X}, 

(1) has the topological type [S^ x 5^)#nP^, 

(2) admits a non- separating strictly pseudo-convex embedded 3-sphere E;,. 

Let e = {eb)beB 6 H'^^B,!!^) with = (e, k) = -1 such that Be 7^ 0- Let a : X ^ X 
be a universal cover of X, ande = ifib)beB o. lift of e in II°{B,H_2). Then there exists 

an effective divisor £ C X with the following properties: 

(1) For any point b G Bg, the fiber Eb :— £ C\ Xb is a lift representing Cb of the 
unique simply exceptional divisor Eb in the class Cb, 

(2) For any point b G Hf,, the fiber Eb is bounded towards the pseudo-convex end 
of Xb, but unbounded towards its pseudo-concave end. 

(3) £ is flat over B. 

Proof. Using Theorem 2.9 we get an effective divisor £o C p~^{Be), flat over Bg, whose 
fiber over a point 6 e Be is the unique simply exceptional divisor Eb C Xb in the class 
Cb- Since Eb is a tree of rational curves (so simply connected), it can be lifted to Xb, 
and the set of lifts can be identified with the set a'^licb) C H2{Xb, Z). Moreover, since 
Eb has a simply connected neighborhood in X, such a lift can be locally chosen such 
that it depends holomorphically on b G Be- 

For b € Be let Eb be the lift of Eb representing the given class eb & H2{Xb, Z). Using 
Proposition 2.3 we see that map Bg B b ^-^ Eb € 'Dou'^{X) is biholomorphic. The union 

fo := U Eb 

beBe 

is an eff'ective divisor of p~^{Be) C X, and the restriction a|^^ : £o ^ £o is biholomor- 
phic. 

The idea of the proof is to prove, using the Remmert-Stein theorem, that the closure 

£ := £o of £o in A' is a divisor, and that this divisor has the desired properties. The 
irreducible components oi He := X \p~^{Be) = p~^{He) have the form p~^{H), where 
H is an irreducible component of the divisor Hg (see Theorem 2.9). Let Hq be such a 
component and bo € Hq. Using the second property of the fibers, we get an embedding 
So ■ Xba whose image Eg is non-separating and strictly pseudo-convex. The 

image Sq := im(so) of a lift sq : ^ Xbo of this embedding to Xb^ separates Xbo 
in two manifolds , the first with strictly pseudo-concave, the second with strictly 
pseudo-convex boundary Eq. 

We can deform the lift sq to get a smooth family of embeddings (sb : — >■ X)beu, 
where U isa connected open neighborhood of bo in B, such that Sbg = sq, and for every 
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b G U the image := im(sb) is a strictly pseudo-convex separating hypersurface of 
Xb. Therefore, for every h eU the universal cover X}, of X}, decomposes as the union 
of two manifolds X^, the first with pseudo-concave, the second with pseudo-convex 
boundary S;,. Similarly, Xu := p^^{U) decomposes as the union of two manifolds 
= Ub^uX^ with common boundary &u ■= Ubeu'^b- We choose the generator / 
of Aut;\:' {X) such that the induced automorphism fb of Xb maps X^ into itself (so it 
moves the points towards the pseudo-concave end) for every b €U. 

Choose a point vq & BefMI. Since the divisor Ey^ C Xyo is compact, we can find 
m G N sufficiently large such that {f~"'{X+)) n Ey„ = 0. We claim 

Claim: f-"'{X+)r\£o = 0. 

Indeed, let V CU nBe the subset of points v for which {f~"'{X+)) n ^„ = 0. 
Since all divisors Eb, b G Bg are compact, it follows easily that V is open in U r\ B^. 
We will show that it is also closed in U Ci Bf.; in order to check this, let {vn)nen* 
be a sequence in V converging to a point w G U H B^- Since Ey^ C f~J^{Xy^) for 
every n S N* it follows that E^ C /^"'{X-). The intersection E^ n is 
empty, because regarded as boundary of fw™'{X~) is strictly pseudo-convex. 

Therefore Ey^ n /-"(^+) = 0, so w e 

Therefore V is both open and closed in U O Be = U \ H^, which is connected, so 
V = UnBe. Therefore (/^"(^+)) CiSo = for every ueUdBe, so for every ueU; 
taking into account that Uuec/ fu"^{-^u) — / '"('^c/ )' ^^^^ proves the claim. 

Note now that f~™'{X^) is a neighborhood of any point in fbi^~^{X^^). Therefore 

the claim implies that Hq contains points which do not belong to the closure £q of 
the divisor £q <Z X \ He- Since this holds for every irreducible component Hq of He, 
the existence of a divisor £ satisfying the first property stated in the theorem follows 
now from the Remmert-Stein theorem (see [13] KoroUar zu Satz 12, p. 300). For the 
second property note first that for any bo G we have (/^^'"(^blj)) H Ebg = 0, so 
Ebg is indeed bormded towards the pseudo-convex end of Xb„ . On the other hand Ebg 
cannot be compact because, if it were, its projection on Xb^^ would be a limit of simply 
exceptional divisors, so itself simply exceptional (contradicting bo € Hg). 

For the third property note that for every b £ B the fiber Eb of f is a divisor of Xb, 
so the result follows from Lemma 2.4. 

□ 

Remark 3.2. Note that for b € Bg the divisor Eb represents the class eb G H2{Xb,1) ■ 
This property cannot be extended for b G because in this case Eb is no longer 
compact. However, using the flatness property of £ over B we see that for every b G B 

(1) ci{Oxt{Eb)) is the im,age of the Poincare dual PD{eb) G i?^(X(,,Z) ofcb via 
the natural morphism i?g(X(,,Z) — > ff^(Xf,,Z). 

(2) Eb represents the image ofeb in the Borel-Moore homology group ff^'^(X(„Z). 

Taking into account Remark 3.2 and Theorem 3.1 we obtain immediately Theorem 
1.2 stated in the introduction. 

Remark 3.3. The assignment {p : X ^ B , a : X ^ X £ C X given by the proof 

of Theorem 3.1 is compatible with base changes x '■ B' ^ B satisfying x^^{Be) ^■ 
Using this remark one can prove that the assumption Be^% in Theorem 3.1 can be 

replaced with one of the following equivalent assumptions: 

(i) For every b € B there exists small deformations of Xb admitting a simply 
exceptional divisors in the class eb- 
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(ii) For every b G B the versal deformation of Xf, contains surfaces admitting a 

simply exceptional divisors in the class Cb- 
In particular, the theorem holds when all the fibers are GSS surfaces, because any GSS 
surface can be deformed into simply blown up primary Hopf surfaces. We will see in 
the next section that for families of GSS surfaces, the divisors Ej,, b € Hg are always 

given by infinite series of compact curves. 

Using Remark 3.3 we obtain Theorem 1.3 stated in the introduction. 

Coming back to the conditions and the proof of Theorem 3.1, consider the semigroup 
G+ := {/"I n G N} of transformations of X which act fiberwise with respect to the 
fibration p : X ^ B, where the generator / of Autx{X) is chosen again such that it 
moves the points towards the pseudo-concave ends of the fibers Xb- 

Remark 3.4. The closure of the effective divisor 

To := G+{So) = U r(fo) C p-\B,) 
new 

in X is also an effective divisor of X, flat over B. 

Proof. We use the same arguments as in the proof Theorem 3.1 and we take into account 
that G+ moves Sq towards the pseudo-concave end. More precisely, the property 
f-"'iX+) n = established in the proof implies f'"'{X+) n = 0- Indeed, if for 
a non-negative integer n one had x G f~'^{X^) n /"(£o)j then 

f-^{x) G n £o c f-"'ix+) n So , 

so the intersection f~'^{X^) Ci So would be non-empty. Here we used the obvious 
inclusion f-''{X+) C X+. □ 

Note that the similar statement formulated for the semigroup G- := {/~"| n G N} 
is not true in general. 

Our second extension theorem concerns families of class VII surfaces for which the 
existence of strictly pseudo-convex embedded 3-spheres is assumed only for the fibers 
Xb, b G B\A, where A is an analytic subset of codimension > 2 of B and contained in 
the divisor H^. This theorem contains obviously Theorem 1.4 stated in the introduction 
as a special case. 

The ends of the universal covers Xb of the fibers form a trivial double cover of B, 
so one can speak about the pseudo-convex and the pseudo-concave end of Xb even for 
points b G A. 

Theorem 3.5. (second extension theorem) Let p : X ^ B be a holomorphic family of 
class VII surfaces with 2-connected basis B. Let e = {eb)bsB € H^{B,H2) = H2{X,Z) 

with = (e, fc) = —1 such that Be ^ 0, and A an analytic subset of codimension > 2 
of B such that A C H,, and, for every b E H^X A, the fiber Xb has the properties 

(1) has the topological type {S^ x S'^)#nP^, 

(2) admits a non- separating strictly pseudo-convex embedded 3-sphere E{,. 

Let a : X ^ X be a universal cover of X , and e = (eb)beB a lift of e in H^(B, Ho ). 
Then there exists an effective divisor S C X with the following properties: 

(i) For any point b G Be, the fiber Eb := 5 fl Xb is a lift of the unique simply 
exceptional divisor Eb in the class Cf,. This lift represents the class Cb. 

(ii) for any point b G He = B\Be, the fiber Eb is a divisor of Xb which is bounded 
towards the pseudo-convex end of Xb, but unbounded towards its pseudo-concave 
end. 
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(iii) £ is flat over B. 

Proof. Using Theorem 2.9 again we obtain a divisor £q c p~^{Be), flat over Eg, whose 
fiber over a point 6 € -Be is the unique simply exceptional divisor E}, C Xi, in the class 
Cfe. Applying our first extension theorem Theorem 3.1 to the family p~'^{B\A) B\A 
we get an effective divisor £^ Cp~^{B\ A) flat over B\A satisfying the property (i) 
and also the property (ii) for any point b e B\A. So £° is the closure in p~^{B \ A) 
of the lift £o C p~^{B \ He) of £o obtained by lifting flberwise the simply exceptional 
divisors Eb in the homology class Cb (for b G Bg). 
Since p~^{A) has codimension >2 in X, the closure 

£:=£0 = £o 

of £^ in X is an effective divisor of X by the second Remmert-Stein extension theorem 
(sec [13] Satz 13 p. 299), where denotes everywhere closure in X. With this choice 
the first statement of the theorem is proved. 

For the second statement, the first problem is to show that for 6 € ^ the intersection 
£■(,:= f n Xb is a divisor of Xb, i-e. that Eb does not coincide with the whole surface 
Xb- We will show first that 5 fl is bounded towards the pseudo-convex end, which 
will imply that Eb f\ Xb ^ Xb, so this intersection is indeed a divisor of Xb with the 

desired property. 

Consider the semigroup G+ := {/"| n G N} of transformations of X which act 
fiberwise with respect to the flbration p : X ^ B. Here we choose the generator / 
of PiMix{X) as in the proof of Theorem 3.1, so that it moves the points towards the 
pseudo-concave ends of the fibers Xb- 

Using Remark 3.4 we see that the closure of the effective divisor 

7b := G+(fo) = U r{£^)cr\Be) 

new 

in p~^{B \ A) is also an effective divisor of p~^{B \ A), flat over B\A. By the second 
Remmert-Stein extension theorem cited above we get an effective divisor 

in X, where again denotes everywhere closure in X. For every n G N, we have 
/"(fo) C T so, since the right hand space is closed, we get f"{£) C T, which proves 
the inclusion 

(4) VneN,/"(f) cT". 

Recall that the effective divisor £q of p~^{Be) is identified with £q via the covering 
map a. Since the set of irreducible components of £o is finite (bounded by the minimal 
number of irreducible components of the simply exceptional divisors Eb as b varies in 
Bg), the same will hold for £q. Let Cq be an irreducible component of £o. Using the two 
Remmert-Stein theorems cited above, we see that the closure of Cq in p~^{B \ A) is 

an effective divisor in this manifold, and that C := C° = Cq is an effective divisor of X. 
We will show that 

Claim 1: Cf\Xb is bounded towards the pseudo-convex end of Xb for every b G A. 

Since £ is the (finite!) union of the closures C of the irreducible components Co of £o, 
the claim implies obviously the second statement of the theorem. 

We prove now Claim 1. Choose a point bo G A. Since p is a locally trivial differ- 
entiable fiber bundle, it follows that there exists a smooth embedding sq ■ ^ Xb^ 
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whose image Eq does not disconnect X, and let sq : ^ X^g be a lift of sq to 
Xbo- We can deform so to get a smooth family of embeddings (sb : — )■ X)i,^u, 
where J7 is a connected open neighborhood of 60 in B, such that = so and Sb is 
an embedding of in Xb for every b G U. We can regard this family as an embed- 
ding s : U X ^ Xu := p~^{U), whose image Hu separates Xu in two connected 
components. Moreover, Xjj can be written as an infinite union 

Xu = \J XJ} , 

where X^ = f"{Xjj) is a manifold with two boundary components /"+^(£c/). 
Let V (S.U an open neighborhood of 60 with compact closure V CU, and put 

Xy := p ^{V) , Tiy := S[/ fl Xy , X^ := XJ} fl Xy , 

and note that the spaces X'^ = /"(A*^) are all compact. Our claim follows from 

Claim 2: C n Xy is hounded towards the pseudo-convex end. 

Indeed if, by reductio ad absurdum, C H Xy were not bounded towards the pscnido- 
convex end, then the same would be true for f"{C) n Xy for every n > 0. Therefore 
the irreducible divisors /"(C) intersect the compact subset X^ of X for all sufficiently 
large n > 0. 

On the other hand using the inclusion U„>o/"(C) C J- given by (4), we see that 
Un>o/"(C) is a divisor. With this remark we can apply Lemma 3.6 below, according 
to which it would follow that the sequence (/"(C))n>o is finite, which is of course im- 
possible, because the intersections of these divisors with p~^{Be) are pairwise different. 

The third statement of the theorem follows now using the same arguments as in the 
proof of the similar statement in Theorem 3.1. □ 

Lemma 3.6. Let M be a connected complex manifold, and let (D„)„gN be a sequence 
of effective irreducible divisors in M. Suppose that 

(1) The union D := UnsN ^ divisor of M, and 

(2) there exists a compact subspace K C M such that KCiDn ^ for every n G N. 
Then the set of divisors {Dn\ n e N} is finite. 

Proof. If not, there would exist a subsequence {D„^)meN of {Dn)neN such that -D„j. ^ 
Dm for every k ^ I. Since all these divisors are irreducible, it follows that: 

Remark: For k ^ I, the analytic set n does not contain any codimension 1 
irreducible component. 

For every m G N, let Xm & K D Dn^ , and let x € K be the limit of a convergent 
subsequence {xm,)se'N of {xm)meN- Let U he a connected open neighborhood of x, so 
U contains all the points Xm^ with s > sq for a sufficiently large index Sq G N . For 
every s > sq we consider an irreducible component Eg of the intersection Dn^^ n U, 
so Eg is a non-empty effective divisor of U. Taking into account the remark above, it 
follows that Es ^ Et for s j^t. 

Therefore, the intersection D (lU = (U„gn ^ ^ contains the infinite union 
Us>so '^^ pairwise distinct irreducible effective divisors Es, so D C\U cannot be a 
divisor of U. This contradicts the first assumption of our hypothesis. 

□ 

Using the flatness of the obtained divisor £ over B we see as in Remark 3.2 that, in 
the conditions of Theorem 3.5 
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Remark 3.7. For every point b G B one has 

(1) ci{Oxt{Eb)) is the image of the Poincare dual PD(eh) G H'^{X^,'L) ofe^ via 

the natural morphism Jf^(Xf,,Z) — > H'^(Xi,,'Z). 

(2) El, represents the im,age ofei, in the Borel-Moore homology group Z). 

A natural problem concerning the two extensions theorems Theorem 3.1 and 3.5 is to 
understand, for b G H^, the dependence of the obtained non-compact divisor E;, c X), 
on the lift e^ of e^,. It is easy to see that 

Remark 3.8. For a fixed class eb with = {eb,kb) = —1, the divisors Ei,, associ- 
ated with two different lifts ei,, o/et, are mapped on each other by a power /" of the 
generator f of the automorphism group AutxtC-^^b)- 

When the fiber Xf, is a GSS surface much more can be said: in the next section we 
shall see that, if X := Xb is a GSS surface, then the effective divisors E := Eb C X 
arc always given by series of compact curves. Moreover, in this case we shall see that 
there exists a natural total order in the set {e G H2{X, Z)| a*(e)^ = (Q;*(e), A;;,) = —1}, 
and endowed with this order, this set (which is a basis of H2{X,Z)) can be identified 
with (Z, <). The map e E which associates to such a class the corresponding 
effective divisor, is monotone decreasing, in the sense that E < E' whenever e' < e 
(see Proposition 4.6, Remark 4.7). At this moment we cannot prove these properties 
for a fiber Xb {b £ He) which is not assumed to be a GSS surface. 

4. The case of GSS surfaces. The fundamental series 

We begin with the following 

Definition 4.1. Let X be a compact com,plex surface. We say thai X contains a global 
spherical shell ( GSS), or that X is a GSS surface, if there exists a, biholom,orphic map 
if : U ^ X from a neighborhood C/ C \ {0} of the sphere S^ into X such that 

X \ (fiiS"^) is connected. 

Primary Hopf surfaces are the simplest examples of GSS surfaces. The differential 
topological type of a GSS surface X with b2{X) = n is (5^ x S^)#n¥^, so H2{X,Z) 
admits an (unordered) basis *B C H2{X, Z) trivializing the intersection form qx of X, 
i.e. such that 

if e'^e" 
-1 if e' = e" • 

Decomposing the Chern class ci{JCx) = —ci{X) e H^{X,Z) with respect to the 
Poincare dual basis 05^ = {PD{e)\ e g «8} of H'^{X,Z) we get 

ci(/Cx) = J2''ePD{e) 
eeas 

with fee = 1 mod 2 (because ci{JCx) is a characteristic element) and J2ee'S^'e — 
— ci(X)^ = C2{X) = n. This shows that ke € {±1} so, replacing some of the elements 
e e ?B by — e if necessary, we may assume that 

(5) c^{K.x) = Y.PD{e) , 

eeos 

or equivalently 

(6) Vee», {e,c^{]Cx)) = -I . 

There exists a unique unordered gx-trivializing basis 03 with this property, and this 
basis will be called the standard basis of H2 {X, Z) . Note that the homology class of any 
simply exceptional divisor of X (if such a divisor exists) is an element of its standard 
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basis. 

For surfaces X with GSS, the second Betti number b2{X) is equal to the number of 
rational curves in X. A marked GSS surface is a pair (X, Co) consisting of GSS surface 
with 62 (X) > 1 and a rational curve Cq in X. 

Any minimal marked GSS surface (X, Co) with n = b2{X) > 1 can be obtained 

using a simple 2-step construction consisting of an iterated blow up followed by a 
holomorphic surgery. More precisely, let 11 = IIo o • • • o n„_i : — >■ S be a sequence 
of n blowing ups such that 

- the first blowing up Hq : .8^° — >■ B blows up the origin 0_i := (0,0) in the 
2-dimensional unit ball B C C"^, 

- for i = 0, . . . , n - 2 the blowing up Hi+i : B^o°-°^*+-' ^Hoo-on. y^^g 
point Oi e n^^(Oi_i) in the surface ^noo - onj obtained at the previous step. 

Applying the same sequence of blowing ups to a ball B{r) of radius r and to its 
closure B{r) we obtain complex surfaces (respectively compact complex surfaces with 
boundary) which will be denoted by B{r)^, respectively B{r)^. 

Let now a : B ^ B^ an embedding which extends to a biholomorphism from a 
neighborhood of B onto a small open ball in B^such that ct(0) = 0„_i S n~lj(0„_2). 
One can associate to the pair (11, a) a minimal surface X = X{I1, a) by removing from 
B^ the image (j{B), and identifying the two boundary components dB^, a{dB) of the 
compact manifold with boundary A := B^ \ cr{B) by cr o n, the holomorphic structure 
on the resulting differentiable manifold being defined such that the natural surjective 
locally diffeomorphic map 

gn,a : -8(1 + e)" \ ^(5(1 - e)) X(n, a) . 

is a local biholomorphism. One can prove that for any marked surface (X, Co) there 

exists a pair (11, a) and a biholomorphism X X{Il, a) such that Cq corresponds to 
the image via gn.o- of the first exceptional curve n-i(0_i). We will identify X with 
X{Il,a) via this biholomorphism. 

For any i G {O, . . . , n — 2} consider a small closed ball Bi centered at Oi E ^noo - on; 
and denote by Si the lift of its boundary to B^. It is also convenient to denote by 
5-1 := dB^, Bn-i := (t{B), and 5„_i := dBn-i = CF{dB). In this way A decomposes 
as the union 

n-1 

where each Slj is a compact surface with two boundary components: a strictly pseudo- 
convex component 9_(2li) ~ and the strictly pseudo-concave component 9+(2li) ~ 
Si. Every 21^ is biholomorphic to the manifold obtained from a blown up closed ball 
by removing a small open ball centered at a point of the exceptional divisor. 

The universal covering space X can be obtained as an infinite union of copies Ak 
of A, the pseudo-convex boundary component of Ak being identified with the pseudo- 
concave boundary component of the previous annulus Ak^i via cr o n. We will identify 
Aq with A, so Aq decomposes as ljr=o^ correspondingly we get decompositions 

n-1 

Vj e Z , Aj = U , X = IJ 21, , 

i=o sez 

where 2t„j+i is a copy of 21^ for every i € {0, . . . , n — 1}. and X is obtained by identifying 
the pseudo-convex boundary component 9_(2ls) of any 2ls with the pseudo-concave 
boundary component d+{Qls-i) of the previous piece, in the obvious way. For every 
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fc e Z we put 

Xk := U • 

s<k 

Note that Xnj+n-i = Uj"'<j"^j'- "^^^ boundary dXk is the strictly pscudo-concavc 
3-sphcrc 9+(2l/j) ~ 9+(2lj,_^jfej) ~ 'S'j._„jfcj- We denote by the surface obtained 
by gluing (a copy of) B^_^^k^ along this boundary. For every k < I we have obtain a 
commutative diagram 

Xk — >■ Xi 

t-k i in , 

Afe i A; 

where tfe, ii, Lk,i are the obvious inclusions, and nk,i is an order I — k iterated blow up 
at the center of the ball For k < I < m one has obviously n^m ° '-fe.i — i'k,m, 

T^k,i°T^i,m = TTfc.m- Note that, for i e {1, . . . , n— 1} the blow up -Knj+i-i^nj+i corresponds 
to n. via obvious identifications, whereas 'Knj—i,nj corresponds to IIq o cj ^ . We will 
denote by Ek the exceptional curve of the blow up 'Kk-i,k '■ ^fc ^fc-i • The pre-image 

i^^{Ek) is of course non-compact, but its Zariski closure in X is a compact rational 
curve Cfe which can be explicitly obtained in the following way (see [4] for details): 

Remark 4.2. There exists s G {1, . . . . n + 1} such that the proper transform Ef, of Ek 
in Xk+s is contained in the image of Lk+s, so Ck ■— i-k+si-^D compact rational 
curve in X, which can he identified with the Zariski closure of i^^{Ek). 

Note now that the group morphisms H2{ik) '■ H2{Xk,l^) — >■ H2{Xk,'Z) are iso- 
morphisms, and that via the isomorphisms H2{ik), H2{ik-i), the monomorphism 
H2{i^k-i,k) defines a right splitting of the short exact sequence 

^ Z[Ek] ^ H2{Xk,'L) "'^^'-''^^ H2{Xk-i,Z) ^ . 

We denote by Ck the image in H2{Xk,1') of the class [Ek] via H2{Lk)~^', to save on 
notations we will use the same symbol for the images of in H2{Xi,1) {I > k) and in 
H2{X,Z). With these conventions we can write 

H2{Xk,Z) = 0Ze, , H2{X,Z) = 0Ze, 
s<k sez 

Using Remark 4.2 wc sec immediately that, via this decomposition, the homology class 
[Ck] G H2{X,Z) decomposes as 

(7) [Ck] = efc - ^ Ck+i where 1 < < n + 1 . 

Note that one has obviously 

(8) Sk = -Ci - 1 . 

The n compact curves of the minimal GSS surface X = X(Il, a) are just the pro- 
jections Ck ■= a(Cnj+k) of the compact curves we obtained in the universal cover X. 
Note also that the set {ek ■= a*(efc)| k € {0, . . . , n — 1}} is precisely the standard basis 
» of X. 

We will show now that any class e, decomposes formally in a well defined way as an 
infinite series of classes of compact curves which is bounded towards the pseudo-convex 
end. These formal identities correspond to equalities in the Borel-More homology of 
X. We will begin with several interesting examples: 

Exemple 4.3. Enoki surfaces. 
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An Enoki surface X has a cycle X]"=o^ Cj of n = h2{X) rational curves. We have 

[Ci] = Cj - ei+i, i G Z„ . 

In the universal cover X we have curves Cj representing the 2-honiology classes 
[Ci\ = e, — e,+i, i G Z, therefore we get the decomposition 

oo 
3=0 

Exemple 4.4. Minimal GSS surfaces X with 62 (X) = 1. 

There are two classes of minimal GSS surfaces X with h2{X) = 1: 

- Enoki surfaces with 62 = 1, 

- Inoue-Hirzebruch surfaces with one cycle, 

The first class has been treated above, so we discuss the second one. The curves 
in the universal cover X of an Inoue-Hirzebruch surface X with 62 (X) = 1 form two 
chains of rational curves 

with [Ci] = Cj — (cj+i + ei+2). Using the Fibonacci sequence (u,i)„gN given by 

Uq = l,Ui = 1, Un = Un-2 + Un-1, n>2 

we get 

Ci — ^ ^ '^nCi-\-n • 
n>0 

Exemple 4.5. Minimal GSS surfaces X with b2{X) = 2. 

There are four classes of minimal GSS surfaces X with 62 (X) = 2. 

- Enoki surfaces with 62 = 2, 

- Intermediate surfaces, 

- Inoue-Hirzebruch surfaces with one cycle, 

- Inouc-Hirzcbruch surface with two cycles consisting of a rational curve with a 
double point. 

The case of Enoki surfaces has been treated above for any 62 > 0. 

Intermediate surfaces. An intermediate surface with 62 = 2 has a rational curve with 
a double point Cq and a non-singular rational curve Ci with 

Cq = —1, Ci = —2, CqCi = 1 . 

Using our conventions and notations we get decompositions 

[Co] = -ei, [Ci] = ei - eo . 

In the universal covering space X we have an infinite chain of curves J2iez with 
pairwise disjoint trees C2i+i, i G Z which decompose as follows: 

[C2i\ = e.2i — e2i+i — e2i+2 , [^21+1] = e2i+i — 62^+2 . 

We have then 



00 

e2i = X] { (^2(i+j) - e2(i+j)+i - e2(i+j)+2) + {e2(i+j)+i - e2(i+j)+2) | 
3=0 

00 

= [C2{i+j) + C2{i+j) + l } 



3=0 
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e2i+i = (e2j+i - e2i+2) + 621+2 = [C2i+i] + ^2-'|[C2(i+j+i)] + [C2(i+j+i)+i]| . 

Inoue-Hirzehruch surfaces with 62 = 2 and one cycle. Such a surface has a cycle Cq+Ci 
of non-singular rational curves, where 

= -4 , = -2 , CoCi = 2 . 

More precisely 

[Co] = -2ei , [Ci] = ei - eo . 
In the universal cover X the homology classes of the compact curves Ci decompose as 

[C2i] — 62i — e2i+l — e2i+2 — e2i+3 , [^24+1] = e2i+l — e2i+2 • 

These curves form two disjoint infinite chains of rational curves 

C4i + C4i+3 , C^i+i + Cii+2 ■ 

We define by induction the following sequences of positive integers {aj)j^ti, {bj)j^^ 
where ao = 60 = 1, and 

^=A^f ?" ^ with A:. ^ ^ 1 



bj J \ ^0 7 ' \^ 2 1 

Then 

00 

e2i = ^[^j (e2(i+j) - e2(i+j)+i - e2(i+j)+2 - e2(i+j)+3) + bj {e2(i+j)+i - e2(i+j)+2) 

j=0 

00 

= [C2i] + [C2i+l] + 2[C2i+2] + S[C2i+3] + 5[C2i+4] + 7[C2i+5] + 12[C2i+6] +■■■ 

00 

e2i+i = (e2i+i — 621+2) + e2j+2 = [C2i+i] + ^aj[C2(i+j+i)] + bj[C2{i+j+i)+i] ■ 

Inoue-Hirzebruch surfaces with 62 = 2 and two cycles. In this case we have two cycles 
Co, Ci consisting of a rational curve with double point. The intersection numbers are 

Cq = —1, Ci = —1 , 

and the decompositions of [C,] with respect to the standard basis are 

[Co] = -ei, [Ci] = -eo . 

In X we have two disjoint chains of rational curves J^i^j, ^2*, ^21+1, where 

[C2i] — e2i — e2i+i — e2i+2 , [C2i+i] — e2i+i — 624+2 — 62^+3 . 
Therefore denoting again by (uj)jgN the Fibonacci sequence used before we obtain: 

e2i = ^^Uj{e2i+j -e2t+j+i -e2i+j+2) = '^Uj[C2i+j] 

j>0 j>0 

e2i+i = '^Uj{e2i+j+i -e2i+j+2 -e2i+j+3) = Mj[C2i+j+i] ■ 

j>0 j>0 

The next result deals with the general case: 
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Proposition 4.6. Let X = X{Il, a) be a GSS surface with b2{X) = n > 1 and (ej)j£z 
be the standard base of H2{X ,2) constructed above. Then for any z G Z there exists a 
well defined infinite series with positive integer coefficients X]j>o '^Jl'-^i+j] ^hose sum is 
the image ofci in the Borel-Moore homology group if^^(X,Z). Moreover, the sequence 
(aJ)j>o is always increasing, has = 1, and 

{Vj, a'- = 1 iff X is a Enoki surface , 
linij_j.oo ct* =00 iff X is not a Enoki surface . 

Proof. Wc determine the coefficient of [Q+fc] by induction on A; > such that we 
have the congruence 

fe 

(9) Ci = ^a*[Ci+j] modulo classes ej , j > k . 

j=o 

For fc = we use formula (7) to obtain 

Si 

[Ci] = e j — ^^ej+j = Ci mod classes Cj+j , j > , 
j=i 

so we get a well-defined solution = 1. 

Suppose now that the development is determined till A; e N so that 

k k Si+j 

Ci = ^ a][Ci+j] = ^ a]{ei+j - ^ Ci+j+i) mod classes Ci+j , j > k . 

j=o j=a 1=1 

We define Jl_^_^ = {j € {0, . . . , A:} | i+j + l<i + k+ l<i+j + Si+j}. With this 
notation we obtain a well defined solution 

(10) 4+1= E 

which guarantees the congruence (9) for k + 1. 

We prove now that the obtained sequence (a*)jgN is increasing as claimed. Since 
for any Z G Z it holds Z + 1 < / + .s; , we have A; + 1 e J^. Therefore a^. intervenes in the 
decomposition (10), so Q:^_,_j > a].. 

If X is an Enoki surface, then ai+j = 1 for every j > as we have seen in Example 
4.3. If X is not an Enoki surface there is at least one curve Ci+j such that Cf+j < —3, 
hence, using again formula (7) wc see that &i+j-|-2 appears in the decompositions of the 
curves Cj+j and Cj+j-i-i, hence j, j + 1 € Jj+2 ^^'^ ^3+'^ — '^j + "^i+i > "j+i- Since 
the configuration of the curves in X is periodic, we have Cf_^j^j.j^ = C^+j < —3 for 
every A; € N, so aj+fe„+2 > CKj+fen+i, which proves the result. □ 

Remark 4.7. The decomposition Ci = X^j>o given by Proposition 4-6 is the 

only decomposition of the image ofci in _ff^'^(X,Z) as the sum of a series - bounded 
towards the pseudo-convex end - of classes of compact curves. 

Proof. Indeed, it suffices to see that if a sum J2i>k ^d'^i] vanishes in Z), then 

all coefficients Oj vanish. This follows easily using the Poincare duality isomorphism 
PD : Hf^^{X,Z) i?^(X,Z). Using the geometric interpretation of the Poincare 
duality in terms of intersection numbers we get 

0={PD{Y^ai[Ci]),ek) = -ak . 

i>k 

By induction we get = for alH > A;. □ 
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Note that for an Enoki surface X the classes [(7,] are hnearly independent in H2{X, Z), 

Let now p : X ^ B he a holomorphic family of GSS surfaces and let 
e = {eb)beB € H\B,H^) , e = {eb)beB e H^B,^^) 

be families of homology classes as in the first extension theorem Theorem 3.1. 

Our goal now is to identify explicitly the effective divisor Ebo for 6o € H^. As we 
explain in the introduction this divisor is interesting because it can be written as a 
limit of simply exceptional divisors Eb^ for a sequence hn ^ bo, hn & Be- 

We suppose for simplicity that Xb^ is minimal because, if not, we can blow down the 
exceptional divisors in Xb^ (and their deformations in Xb for h around 6o) and reduce 
the problem to the case of a minimal central fiber. 

Theorem 4.8. Under the assumptions and with the notations above, the effective 
divisor Ebg is the sum of the infinite series J2j>o given by Proposition 4-6. 

Proof. Our extension theorem yields a divisor £ G X flat over B whose fiber over bo 
is Ebg, so the class defined by Eb in Borel-Moore homology is Cb for any b £ B. The 
result follows directly from Remark 4.7 and Lemma 4.9 below. □ 

Lemma 4.9. Let X be a GSS surface with 62 (X) > and a : X ^ X its universal 
cover. Then X does not contain any irreducible non-compact 1-dimensional analytic 
subset bounded towards the pseudo-convex end. 

Proof. Suppose that there exists such a subspacc S C X. We can suppose that X 
is minimal and was identified with X(Il,a) as explained above. Since S is bounded 
towards the pseudo-convex end we can find k sufficiently large such that S does not 
intersect the closure of Xk- 

We have a natural surjective holomorphic map qk : X ^ Xf. which contracts all 
compact curves C; for Z > A; to a point Ok G Xk (the center of ball -B^_„j t ] involved 

in the construction of Xk) and defines a biholomorphism 

X\[^Ci^ Xk\ {Ok} 

l>k 

(see [4]). Since S docs not intersect the closure of Xk the image So ■= qk{S) is contained 
in the complement of this closure in Xk, which is the open ball -Bj,_„|-iij. 

But then 6*0 \ {Ok} is a closed 1-dimensional subspace of a punctured open 2-ball, 
so its closure in this ball will be a closed 1-dimensional subspace of the ball, by the 
second Rcmmert-Stein theorem. This extension would be compact, which is of course 
impossible. 

□ 

Coming back to our second extension theorem Theorem 3.5, and taking into ac- 
count Theorem 4.8 we see that, when a fiber Xb {b G A) of the family is a GSS surface, 
the obtained effective divisors Eb representing a lift Cb are always given by series of 
compact curves. We end our article with a theorem (mentioned in the abstract and 
the introduction) which gives an interesting motivation of our results: conversely, if in 
the conditions of Theorem 3.5, for a point b E A all the irreducible components of the 
divisors Eb are compact, then Xb has &2 rational curves, so it is a GSS surface. We 
believe that the irreducible components of the divisors Eb are always compact, which 
would have a very important consequence: the main conjecture C holds for any class 
VII surface which fits as the central fiber of a bidimensional family A" — >■ A C whose 
fibers Xz, z ^ are GSS surfaces. Therefore, for proving conjecture C for this class 
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of surfaces, it suffices to prove that for a sequence of A \ {0} converging to 0, 

open irreducible components cannot appear in the limit process Ej,^ — >■ Eq, but only 
infinite bubbling i.e. the appearance of infinitely many compact irreducible components. 

Let X be a class VII surface with 62 > having the oriented topological type of 
{S^ X 5'^)#nP . In the same way as explained at the beginning section for GSS surfaces 
we obtain a unique (unordered) basis *B C H2 {X, Z) trivializing the intersection form 
qx of X such that ci{ICx) = J2ee<s -P-C'(e). This basis will be called again the standard 
basis of H2 {X, Z) . Note that the homology class of any simply exceptional divisor of 
X (if such a divisor exists) is an element of this standard basis. Any compact curve 
C C X is a smooth rational curve. Indeed, its projection a{C) on X is either a 

(1) smooth rational curve, or 

(2) a rational curve with a simple singularity, or 

(3) or an elliptic curve 

(see [9] p. 399). But in the last two cases a{C) would be a cycle in X, and it is 
known that the image of its fundamental group in tti(X) of a cycle is infinite (sec [9] 
p. 404). In the second case a~^{a{C)) is a countable union of smooth rational curves, 
and the third case is excluded, because the pre-image of such a cycle does not contain 
any compact curve. 
Therefore 

(11) = ga{C) = l + ^{c,{IC^{C)),C) 

Since all the elements of the standard basis *B are represented by 2-sphcrcs, they can 
be lifted to X, so we get a basis *8 of H2{X, Z) which is mapped on ®. We can identify 
naturally H^{X,Z) with IlegB I'PD(e), and we obtain 

c,{IC^) = a*(ci(/Cx)) = a*{J2 PD{e)) = E ^^(^ " 

Decomposing [C] = J2ee^ (with finitely many non-zero coefficients Xg) and using 
the identities {PD(e), f) = —J-j equation (11) becomes: 

J2 +Xe) = 2, 

which can hold only if there exists ec & ^ and a finite set *Bc C 05 with ec ^ 
such that cither: 

a) [C] = ec- E?e®c ^ ' 

b) [C] = -2ec-EeeSo^- 

We say that a curve C C X is of type (a) or (b) if the decomposition of [C] has the 
form a) or b) respectively. 

Theorem 4.10. Let X be a minimal class VII surface with b2{X) > having the 

2 

topological type [S^ x S^)^n¥ . Suppose that for every e G OS there exists a lift e G 03 
and an effective divisor E C X representing the image ofe in Hf^{X,'Z) and whose 
irreducible components are all compact. Then X has b2{X) rational curves, so it is a 
GSS surface. 

Proof. The Borel-Moore homology group Hf^{X, Z) can be identified with Hees 
Since E represents the class e, it follows that there exists an irreducible component 
Ce of E which has type (a) with = The image -De := ce{Ce) is either a smooth 
rational curve, or a singular rational curve with a double point. In both cases the 



26 



GEORGES DLOUSSKY AND ANDREI TELEMAN 



irreducible components of a ^(.De) are /""{Ce) (n G Z), where / is a generator of the 
automorphism group Autx-'^ — Z. 

For e 7^ e' € 05 we see that the homology classes [Ce], [Ce'] are not congruent modulo 
Autx-'^, because the first terms in the decompositions of these classes are the lifts e, 
e'. Therefore -De' • In this way we obtain n = b2{X) rational curves in X, proving 

that X is a GSS surface, by the main result in [6] . □ 
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